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Introduction

What is a Waveguide?

A waveguide is a structure that is used to direct the propagation of energy in the form of an electromagnetic
wave aong a specified path. Typical waveguides have been developed to guide the propagation of radio
waves, microwaves, visible light, and recently x rays. The simplest type of waveguide, the planar metallic
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waveguide, is generally constructed from two semi-infinite planar metallic sheets separated by a vacuum
gap. In the standard optical waveguide terminology, the vacuum gap is usually called the core and has an

index of refraction denoted by n__..., and the two metallic plates comprise the cladding with index of

refraction denoted by N Jadding One could replace the metallic sheets with two dielectric plates constructed

from, for example, borosilicate glass shown in figure 1.1 below. Of course other guiding structures are
possible. One could use instead of the planar geometry, a cylindrical geometry in the form of a metallic rod,
dielectric rod or hollow glass cylinder. The hollow glass cylinder is shown in figure 1.2 below.

/ orosilicate Gla%'

1laddi

|4_ émsﬂlcaie Gla\%
addin

Semi-infinite planar dielectric waveguide of width 2a, where a is the half-thickness of the guide, oriented

in the y-direction. The guide is constructed of borosilicate glass with index of refraction n class- Between

the glassis a vacuum with index of refractionn_, chammel-

N ladding

Borosilicate (Glass

y
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Cylindrical dielectric waveguide of internal diameter 2a. The typical construction for an optical fiber

waveguide made out of borosilicate glass has index of refraction, for the glass, N ladding

The operating principle of most optical waveguides is based on the idea of total internal reflection. In order

for total internal reflection to occur, n 33, <N and the waveguide is called a step-indexed waveguide.

core’

An electromagnetic wave is guided by total internal reflection within the fiber core if its angle of incidence

on the core-cladding boundary is less than the critical angle, 7., of the waveguide. &, is defined from

Snell'slaw and is given by
8, = sin_l( L |
ncladdj.tvg

Most dielectric fibers, such as optical fibers and x-ray waveguides, are fabricated from fused silica glass (SO

5) of ahigh chemica purity. Slight changes in the refractive index are achieved by adding low

concentrations of doping materials such as boron [Saleh]. For an x-ray waveguide hollow glass fibers made
from borosilicate glass are usually used and the operating principle behind these waveguides is total external
reflection. For an x-ray to be guided by total external reflection within the fiber core, for an x-ray waveguide
termed the vacuum channel, its angle of incidence on the vacuum channel-glass boundary must be less than

the critical angle, &, of the waveguide. The critical angle, &, is defined from Snell's law and is given by
equation

In an ideal waveguide the propagation of energy would be done with no losses to the surrounding medium,
the glass capillary. Real waveguides, of course, are only approximations to the ideal.

History of the Waveguide

Probably the most widely known and used cylindrical waveguide today is the optical fiber. The development
of the optical fiber spans alittle more than a century. It might be said that the optical fiber is one of the
important technological advances of the twentieth century.

Waveguides were first studied at the turn of the twentieth century by Lord Rayleigh [Rayleigh] Thomson
[Thomson], and Sommerfeld [Saleh]. They studied guided electromagnetic waves within perfectly
conducting cylinders. The first theoretical description of mode propagation along a dielectric waveguide was
apparently that of Hadros and Debye [Hadros and Debye] in 1910. In 1936, Southworth [ Southworth]
discovered the transmission of radio waves in hollow conducting waveguides. His report was accompanied
by an article detailing the mathematical theory of waveguides by Carson, Mead, and Schelkunoff [Carson].
This eventually paved the way for dielectric rods as waveguides for microwaves, utilized by Chandler and
Elsasse [Chandler].

Thefirst dielectric waveguide studied at optical frequencies were glass coated fibers packed into assemblies
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each afew micronsin diameter with the adjacent fibers less than one micron apart [Kapany and Burke]. The
glassfibersrely, as before, on total internal reflection of the light inside of the core of the fiber. In 1961,
Snitzer investigated the types of modes carried on a cylindrical dielectric waveguide. It was found that one
could limit the number of modes which are supported by a guide by using a step-indexed fiber, where the

fractional refractive index change /. defined by the relation

11 -11 .
core  cladding w1

1
Core

iIssmall. In 1971, Gloge [Gloge] tried to ssimplify the theory of the cylindrical dielectric waveguide in the
limit of optical frequencies. For a comprehensive treatment of optical fibers the reader is referred to the
excellent book by Marcuse [Marcuse].

Soon after researchers began to comment on the possibility of using waveguides to guide x rays. The
dimensions of the waveguide would need to be very small and the most common configuration for these x-
ray waveguidesis the planar thin-film waveguide. These attempts have met with varying amounts of
success.

Capillary Optics

Thefield of capillary optics uses glass capillary tubes to take advantage an x-ray having an index of
refraction less than unity in glass. The small difference between the indices of refraction produces a step-
indexed fiber and ensures total external reflection at the vacuum channel-glass interface. These bundles of
capillary tubes are typically 0.5 millimetersin diameter and 120 millimetersin length. Each single capillary
channel is approximately 5-50 microns in diameter and is constructed of mainly borosilicate glass, which is
ahigh purity silica glass that has been doped with boron. The critical angle for total external reflection from
borosilicate glass is on the order of afew milliradians. These x-ray optics, asthey are now called, were first
suggested by Kumakhov [Kumakhov] as a means of controlling the size and shape of an x-ray beam and are
being studied for awide variety of applications, including x-ray lens systems for use in x-ray astronomy, the
production of collimated x-ray sources for materials analysis, and in industrial and medical radiography.
Studies and analysis of polycapillary optics have be performed for hard x-rays (see for example the paper by
Lei Wang, et al [Wang]) whose energies are in the range of 10 to 80 keV. Extensive experimental studies of
the effects of roughness of the glass surface as well as some curvature (or bending) of the waveguide have
been carried out. The experimental results were used to assign values to the various parameters involving the
roughness and curvature of the waveguide model. A theoretical roughness model was proposed by Kimball
and Bittel [Kimball and Bittel], based on the work of Vinogradov, et al [Vinogradov] , was used to
determine whether the effects of surface roughness was causing lower transmission rates at higher energies.
It was found that the roughness was not the cause, but rather waviness of the surface on much larger scales
was at least partialy to blame.

These present studies, however, do not include waveguide effects, such as diffraction. The computer
simulations in use at the present time are based on "geometrical optical (ray tracing) methods.” Since the
diameter of the capillary is much larger than the wavelength of the x rays being used, geometric optics
proves quite accurate. Older experiments involving capillary optics use incoherent incident beams with large
angular spreads. In such cases, calculations that involve geometrical optics give results that are essentially
identical to those found with wave methods. As the waveguide diameter shrinks and with future experiments
utilizing second and third generation x-ray sources, waveguide effects may become observable and useful.

ﬁ:
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The highly collimated x-ray sources and the small fiber size may allow one the opportunity to view some
Interesting waveguide effects such as diffraction.

The incident wave has associated with it awave vector, i, where |£:| = ET” 4 isthe wavelength of the

incident wave and the direction of wave propagation defines the direction of &. If the incident wave makes

an angle & with respect to the symmetry axis of the waveguide, one can imagine the wavelength to have

longitudinal and transverse "components', where the transverse component 4; = ﬁ. Asthe angle that

the incident beam makes with respect to the symmetry axis of the waveguide becomes shallower, the
transverse "component” of the wavelength would become larger. Even though the wavelength of the wave
may be much smaller than the dimensions of the waveguide, the transverse "components' of the wavelength
may become comparable to the dimensions of the waveguide and wave effects such as diffraction may
become evident.

X-ray Waveguides
There are groups working on the design and implementation of x-ray waveguides. Most of the work in the

last ten to fifteen years has been in the study of primarily planar metallic and dielectric waveguides. In the
late 1980's and early 1990's, Feng, Sinha, et al [Feng and Sinha] - [Feng and Fullerton] have developed

planar waveguides made out of SiOz/polyimide/Si. Their method was to start with an optically flat silicon
wafer, deposit aroughly 1230A polyimide film on the top of the silicon wafer,and then evaporate a roughly

380A thick layer of SiOz on the top of the polyimide film. Feng, Sinha, et al were able to obtain an increase
in the photon flux at certain energies by afactor of 20. They also determined the probability of mode
mixing, which they attributed to rough surface scattering. In addition, they studied the Fraunhoffer
diffraction pattern for individually excited modes that exited the waveguide along a cleaved crystallographic

axis of the silicon. They found that the angular divergence of the beam was on the order of 10 prad and that

the modes were separated by roughly 60 prad allowing for single mode excitation.

There have been many modifications on this basic approach. Zheludeva, Kovalchuk, et al [Zheludeval
investigated planar waveguides constructed out of mainly aternating carbon and nickel layers and glass
using the carbon as aguiding layer because of its low absorption coefficient. Zheludeva, et al used ultra-thin
metal layers to measure the excitation of different waveguide modes as a function of the angle of incidence
of the x-ray beam. Jark, Di Fonzo, et al [Jark], [Jark1], used a similar structure of alternating nickel and

carbon layersand SiOz. Jark, et al used an incident beam with an angular divergence approximately 8 prad
and produced a 13 keV exit beam with one dimension as small as 0.137 microns. There are problems
associated with these waveguides. While carbon (or any organic material) may have alow absorption
coefficient, the absorption coefficients are not low enough to prevent large losses in x-ray intensity. These
waveguides are on the order of 1 cm long; for many practical applications, the waveguides would need to be
longer.

Liu and Golovchenko [Golovchenko], [Golovchenkol] have been studying x-ray waveguides of another
variety, namely x rays that undergo repeated reflections from a single curved surface. These are called
whispering galley modes and were first investigated for acoustic waves by Lord Rayleigh [Rayleighl] more
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than a century ago. Whispering-galley optics relies on the ability of a concave surface (amirror) to act asa
waveguide. In essence the x rays undergo many small grazing incidence reflections but the net result isto
deflect the x-ray beam through a large total angle. Liu and Golovchenko using an incident beam (with

angular divergence of about 16 Lira) were able to measure the transmittance as a function of curvature.
Here they have the fundamental mode being detectable over the length of the waveguide and the higher
order modes are attenuated by tunneling of the mode into the mirror. This type of arrangement has been
suggested for the construction of resonant cavities for x rays[Braud] - [Vinogradovl].

The theory for scalar waves was studied in the thesis of Barcomb [Barcomb]. In his doctoral thesis Barcomb
showed that he could use the approximation that the x rays could be treated as scalar waves, since the

susceptibility for x rays incident in borosilicate glass was small (¥, - 10'5). He found that absorption
effects are nearly nonexistent since the x-ray modes penetrate very little into the glass and thus propagate
distances of tens of kilometers. Barcomb also studied the excitation of various modes as a function of
incident angle of an externally directed plane wave. He found that for plane waves incident with energy 8
keV on a planar waveguide (with agap of 10 microns) as much as 80% of the incident energy appears as the
fundamental mode, while for a cylindrical waveguide (with diameter 10 microns) the excitation was on the
order of 70%. Thus a single mode fiber can be studied provided a sufficiently collimated incident x-ray
beam can be used.

QOutline

In thisthesis, the vector nature of x raysisincorporated into a waveguide model. The goal of thiswork isto
provide atheoretical description for the propagation of x rays along a glass capillary waveguide. The
objectives are four-fold:

. tounderstand the individual modes, how modes are excited at the waveguide entrance,
and how modes emerge at the waveguide exit,

. tounderstand the distribution of fields and polarizations of the various modes,

. to understand the effects of photoelectric absorption and surface roughness on the
propagation of the x rays in the waveguide,

. to understand whether it is possible and how to accomplish selective excitation of
individual modes.

To accomplish the above objectives, a detailed description for the launching of the various modes that the
waveguide can support will be given. Chapter 2 gives the background on the interaction of x rays and
matter, the laws of reflection and refraction and the Fresnel equations.

In chapter 3 the modes of the electromagnetic field that are sustained within a straight cylindrical dielectric
X-ray waveguide are investigated. Maxwell's equations are the basis for calculation of the electric and
magnetic fields that constitute the transverse distributions, or modes, in the guiding region of the waveguide.
These modes are the eigenfunctions of the waveguide, and the corresponding eigenvalues could be

characterized by the propagation constant in the z-direction, the longitudinal component of the incident

wave vector, &z. Exploiting the cylindrical geometry, the hollow glass capillary will be shown to support
many circular hybrid modes of propagation for the x rays. Modes in metallic microwave guides are
transverse magnetic or transverse electric, but in dielectric waveguides thisis not the case. In adielectric
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waveguide the modes are hybrid in the sense of resembling superpositions of transverse magnetic and
transverse magnetic modes. These hybrid circular modes will be combined to form a new set of linearly
polarized modes. These linearly polarized modes will be studied in great detail, including the study of such
effects as energy loss mechanisms due to photoel ectric absorption and due to surface roughness on the
propagation of the x-ray down the waveguide.

Chapter 4 explores excitation at the waveguide entrance. Here an externally directed plane-polarized wave
will be used to excite a set of linearly polarized modes that propagate down the longitudinal axis of the
waveguide. One will seethat it isvery possible to launch a single mode in the waveguide. This same
approach could be used for other types of incident waves, namely acircularly polarized mode incident at the
waveguide entrance.

In chapter 5 how the x rays exit the waveguide will be studied. The problem is similar to the Fraunhofer
diffraction by acircular aperture, except that instead of an incident plane or spherical wave the incident
fields are the linearly polarized modes propagating along the waveguide. The standard calculation of the
vector diffracted fields is based on the vector analogue of the Kirchhoff diffraction formulaand is very
difficult to apply except in all but the ssimplest geometries. The interested reader may wish to consult, for
example Jackson[Jackson] and Born and Wolf[Born and Wolf], for the standard way of calculating these
vector diffracted fields. This difficulty has inspired one to seek an alternative approach to diffraction. In this
chapter, anew approach to vector diffraction theory is proposed. It isinspired by an asymptotic form of the
reciprocity theorem (ART) that has been found useful in avariety of other x-ray emission, diffraction and
scattering problems ([Caticha).)

In chapter 6 the effects of surface roughness on the propagation of modes s studied. Since the effect of
roughness is to scatter x rays away from the guided modes, it is aloss mechanism. A ssimple way to take this
loss into account is by including it, just as other loss mechanisms such as photoel ectric absorption, into an
effective imaginary part for the dielectric susceptibility. The resulting model is compared to and shown to
agree with the results of Kimball and Bittel [Kimball and Bittel].

Chapter 7 includes some concluding remarks on this thesis, as well as some ideas for future directions of
research for glass capillary x-ray waveguides. Some future directions will include studies involving curving
and/or tapering of the waveguide as well as the possibility of a non-diffracting Bessel beam.

The Reflection of X rays

Introduction

In this chapter the interactions of x rays and matter will be investigated. It will be shown how the dielectric
susceptibility for borosilicate glassis calculated on the basis of fractional atomic weights of the constituent
elements that make up the glass fiber. The phenomena of total internal and total external reflection will be

explained. The idea of Transverse Electric and Transverse Magnetic Modes of awaveguide will be briefly

introduced.

Susceptibility for X rays

The wave properties of all electromagnetic phenomena are obtained from Maxwell's equations:

VeEF =0
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VDS = dnp

| BB(F, £ _

?KEI:.?‘.ﬁ:I'I'— 3

v x Himt) - aﬂf 0 AnGey
The waveguide will be made out of low atomic density boros licate glass, which is assumed to be source free

(p = Oand Jir.£3 = 0)and non-magnetic (1 = 1). Since the borosilicate glass is source free one can
write:

DF £) = eB{F £

HG.0) = LEG.0) = B0,

where = is the dielectric constant and may be written in terms of the susceptibility of the material, y, as
follows:

=1+ ¥,

Assuming electric and magnetic fields are monochromatic waves of frequency a, they can be expressed in
the following form:

E{F,ﬁ] = E{F}E""‘”
_.é{?,ﬁ] = E@e""‘”

where r isaposition vector. Maxwell's equations thus become:

7 B(F) =

%xﬁ@—icﬂ§®= i

v x B + ELEF) = 0
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Wave equations on E(F:j and B@ can be found by taking the curl of equation . With the help of equation
one finds:

T2EF) + 3';?'5”% X B(7) = 0
where the vector identity
T X (T xA) = U(T - A) - 724

has been used. An analogous expression for the magnetic field is obtained by taking the curl of equation
with the help of equation .

V2B - ERT x BF) = 0
The operator 72 in equations and is defined in the usual way. Substituting equation into equation for

7 X E(F:j produces a wave equation governing B(F:j namely

T2EF) + ek2BF) = 0

In an analogous manner, substitution of equation in to equation for 7 % B(Fj yields awave equation
governing E(?j
V2R + ek EF) = D)

For x rays (as well as any electromagnetic radiation), the wave number &y = = isthe magnitude of the
wave vector in vacuum. In the borosilicate glass, the wave vector can be related to the wave vector in
vacuum through:

—

where #; isthe index of refraction of the medium (in this case the borosilicate glass) through which the x

rays travel. When the frequency of an electromagnetic wave is much higher than the highest resonant

frequency of agiven material, asisthe case for an x-ray, the dielectric constant = of the material becomes
easy to calculate. From Jackson [Jackson] :

| ooy’
(o }?

£ =

@ isthe wave frequency and @ isthe plasmafrequency, given by:

2 _ AnlNZe*
77

Dy

and N isthe electron density of the material. Combining equations, , and , one finds that the susceptibility
may be written as
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2
_ (hoop ) - — h24n Wee*
(koo ) walFu )
The susceptibility is thus proportional to the electron density of the material, where the electron density may
be found by taking the weighted average over al of the constituent molecules of the borosilicate glass. This

Yo ™

produces susceptibilities that are negative and generally on the order of 107 to 107%. To calculate the
approximate susceptibility for borosilicate glass, commonly known as Pyrex, consider the weight fractions
of the various components as shown in table 2.1 above.

Component || Weight Fraction

Boron 0. 040066
Oxygen 0.539559
Sodium 0.028191

Aluminum g 011644

Silicon 0.377220

Potassum |y 003321
\caption{ Weight fracitons by constituent elements for borosilicate glass.\|abel{ key} } The density of

borosilicate glassis 2. 23 g3 sothat ks, = 35.1eV.For Cu &£, xrays, kay = 8.04 keV; the

CITl

susceptibility of the Cu X, x raysin borosilicate glass, iscalculated to be ¥ = —1. % x 107>, Therefore,
one can see that the dielectric constant very nearly equals unity.

Reflectivity and Polarization

When an electromagnetic wave travels through vacuum, nothing much spectacular happens. However, when
that same electromagnetic wave travels through matter, it may interact with the material through which it is
propagating. Consider an electromagnetic wave that travels from one non-magnetic dielectric region, with

dielectric constant =1 and permittivity 13 = 1, to another non-magnetic dielectric region, with dielectric
constant =, and permittivity uz = 1, asshowninfigure 2.1 below. In material one the electromagnetic

wave has wave vector &1 and in material two, the electromagnetic wave has wave vector %2. At the
boundary between the two dielectric materials, part of the wave is reflected and part of the wave propagates
into the second dielectric material, but with a different wave vector, due to the change in dielectric constants
of the material. One uses Maxwell's equations to determine the relative amounts of the electromagnetic wave

that are reflected and refracted at the interface. As seen in figure 2.1 below, wave vector k.. has magnitude
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% JE1 and makes and angle &1 with respect to the normal to the interface. The incident electric field is
given as.

-+

E, (1) = B, o'Fe™)

The second wave is the refracted wave, traveling in the second non-magnetic dielectric material. Wave

vector k. has magnitude = /22" and makes and angle &2 with respect to the normal to the interface. The
refracted electric field isgiven as:

z'I{Enf}Lmt]I

E_(rt)=E o

The third wave is the reflected wave, traveling in the original non-magnetic dielectric material. Wave vector

k. has magnitude = /21 and makes and angle &5 with respect to the normal to the interface. The
reflected electric field is given as:

Elreﬂ(;vﬁ:' _ E.mﬂgz'liknﬂ.?—m]l

kreﬂ ected

Diagram showing the boundary between two dielectric media, with indicies of refractionn; = &1 and

nz = &z respectively. Wave vector E:]-m Isincident on the boundary of medium 2 from medium 1. The

reflected and refracted wave vectors, E:reﬂ and E:ref are a'so shown.

The associated magnetic fields may be found using:

B ke X B8
B = i
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where i =(inc, ref refl), and j = 1,2. Suppose that the normal to the interface is the y —direction and let the

¥ —coordinate of the interface be located at ¥ = [J. Since the boundary conditions have to be satisfied at all
points on the interface and for al times, the phases of the waves must be equal at all points on the interface

where the waves meet. Thusat v = [

— —

— —

—_
—
ﬁ:]-m-r= E:mf-r= ﬁ:mﬂ-r

Therefore these three wave vectors must be coplanar, or their respective dot products would never be equal.
From equation and figure 2.1, one finds that

ko.sml) =k -anfa =k 5snfs
Since the incident wave is partially reflected at the interface,

ko =k g

1mc

and therefore it follows that

sinf] = sins.
Thisresult is called the law of reflection, and states that the angle of incidence equals the angle of reflection.
Further, from equation ,
ko .snf] =k -anfa
or

n1 sl = xosinda

which iscalled Snell's law. The index of refraction, #; isrelated to the dielectric constant of the material
through:

wi= e

Next, as a consequence of Snell's law, thereisan angle, &, called the critical angle such that:

. M
SII'.I.E'.: = %

In terms of the susceptibility of the material,

for ¥, = 1.Since y isnegative, n1>nz. Thiscondition is satisfied for this step-indexed fiber, so equation
is precisely the case for total internal reflection.

In order to determine that relative amplitudes of the refracted and reflected waves, & gand E o g

refracta
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respectively, boundary conditions must be imposed on & (?, £y and B{F, £71. The boundary conditions are
continuity of the normal components of D(?,.ﬁ] (= EE[?,E]) and B(?,.ﬁ), and the tangential components of

E{?,.ﬁ] and H{?, Ly (= B{?, £ ]) . These boundary conditions are most easily handled by considering two
separate polarizations of the wave, one parallel to the plane of incidence and one perpendicular to the plane

of incidence (the plane that contains &, &, and & __5.) The plane of polarization, by convention , is taken

to be defined by the incident electric field vector. The orthogonal polarization, or perpendicular polarization,
Istermed the Transverse Electric (TE) polarization. [Saleh] Conversely, the parallel polarization is termed
the Transverse Magnetic (TM) polarization, since the magnetic field is orthogonal to the plane of incidence,
while the electric field is parallel to the plane of incidence. The results of applying the boundary conditions

in these two cases are:For & {?, £ parallel to the plane of incidence (TM polarization):

B ; 2 2180 cos(@)
Fine  2y008(61)+ BT oz —e1sin?(81)

and

Eoq Egtﬁs(ﬁ'lj—ﬁ]{ﬂz—ﬂlsmzmlj
B gacos(f) )+ JETJEE —Elsﬁlz':'gl:'

For & (r £} perpendicular to the plane of incidence (TE) polarization:

Eref' _ 2,,,"'5_1 cos(f )

Hie 51c¢5[91]+1(52—€15ﬁ12(5'1:'

and

E.n  JTcos(81)— Jea —e1sin?(8))

Fine  syc08(81)+ BT oz — 215m2(61)
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Diagram showing the incident electric field, &, ., ., parallel to the incident wave vector k. ., .. The

reflected and refracted electric fields, & reflcted AND K are shown after interaction with the

refractad’

dielectric interface. The associated magnetic fields, directed out of the page, are also shown.

tncident reflected

perpendicular to the incident wave vector k.

Diagram showing the incident magnetic field, &, immident -

mcident
The reflected and refracted electric fields, & 5. .., and B ... ., are shown after interaction with the

dielectric interface. The associated electric fields, directed into the page, are also shown.

For x raysin vacuum, {1 = 1} incident on the borosilicate glasssurface {2z = 1+ ¥, wherethe

susceptibility, ¥, isnegative. Since ¥ issmall -::~ 1[1‘5) total external reflection will only occur for

grazing incidence; that is, for angles of incidence near % Thus, equation can alternately be expressed in an
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equivalent form:

M1 c-::-sEll = 19 cc-sE:?

where 9'1 and E':? refer to the angles that the incident and refracted rays make with the interface. The critical
angle for total external reflection is then given by:

cos@, = ﬁ—f.
In terms of the susceptibility, the critical angleisthus:
: =] 1+
cosd, = WfE1 = "
J22 JT
Which for , - 1, can be approximated as:
cos@, = 1+ I—;
The cosine term on the left hand side of equation can be expanded in a power series.
, 2
cos@, = 1-— E,; +. ..
Which for grazing angles of incidence may be approximated as:
. g2
cos@, = 11— 5 :

Comparing equations and , one finds that the critical angle for total external reflection in terms of the x-ray
susceptibility of borosilicate glass.

g, = Fr, = 4.4 mrad

where ¥, found for Cu K x raysincident in borosilicate glass has been used. Returning to equations for TE
polarization,

B oa cosf) — Jl + x, — sin®f,

B cc-5191+J1+;|fu—SiI12'91

and to equation for TM polarization,

- ~ (1+ y,cosf) — Jl + ¥, — sin“f)

Fie (14,0088 + f1+ g, - sin26)

Equations and are known as the Fresnel equations. For ¥, equal to zero, there is no differencein the

reflected amplitudes for the two polarizations. However, for y, small but different from zero, thereisa
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small difference between the reflected amplitudes.

Propagation of X rays in Cylindrical
Waveguides

Introduction

Our study will be focused on three main areas. First, the waveguide modes will be derived and the manner in
which these modes propagate along the longitudinal axis of the guide will be shown. The transverse electric
and magnetic fields will be expressed in terms of the longitudinal electric and magnetic fields. Wave
equations for the longitudinal electric and magnetic fields will be derived and solved by the technique of
separation of variables. Next boundary conditions on the wave equation solutions will be imposed and the
characteristic equation for the modes will be derived. It will be found for cylindrical waveguides that the

modes have a radial dependence given by aBessel function and an azimuthal dependence given by ™%

where #: is the order number of the mode. For lowest order modes, the #: = [ case, the modes will be
found to resemble the so called TE (transverse electric) and TM (transverse magnetic) modes in the limit of

small angles of incidence and ¥, much smaller than unity. The higher order modes (# % () will be termed
hybrid and be denoted by either EH (electric magnetic) or HE (magnetic electric) modes. Here it should be
noted that the results obtained from the cylindrical model of the dielectric waveguide will mirror those of
Gloge Gloge] and Marcuse[Marcuse]. Marcuse and Gloge were primarily concerned with optical and
microwave fibers. In dealing with x-ray guides, considerable simplifications will arise because all indices of
refraction are close to unity.

The second problem to be tackled is the transformation of the hybrid circularly polarized modes. These
circularly polarized hybrid EH and HE modes will be superposed to form a set of linearly polarized or LP
modes.

Third, photoel ectric absorption of the x rays by the waveguide will be studied. L osses due to photoel ectric
absorption will be calculated using the imaginary part of the dielectric susceptibility. The imaginary part of

the wave vector will then be calculated and subsequently be used to calculate the if decay lengths for the x-

rays asthey travel down the fiber. It will be found that the lowest order modes (the L Py _») propagate on the

order of 10 kilometers for higher energy x-rays, while for lower energy x rays, the modes will propagate
hundreds of meters. This applies to guides with perfectly smooth walls. Surface roughness has an important
contribution to loss in the waveguide. Surface roughness will be studied in chapter 6.
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Cylindrical dielectric waveguide with diameter 2a. The waveguide is constructed out of borosilicate glass
where the axis of the guide is usually taken as the z-axis, or the longitudinal axis. In acylindrically
symmetric coordinate system, the radial direction, g, hasits origin on the z-axis and extends outward from
the center of the guide to the glass that forms the boundary of the waveguide, and the angular direction, ¢,

wraps around the z-axis.

A cylindrical dielectric waveguide is constructed of non-magnetic material, usually borosilicate glass. The
waveguide has a hollow vacuum channel on the order of 5 micronsin diameter, and the glass capillary
extendsradialy to infinity. The axis of the guide is usually taken as the z-axis, or the longitudinal axis, and
has a finite length on the order of say 10 centimeters. In acylindrically symmetric coordinate system, the
radial direction hasits origin on the z-axis and extends outward from the core to the glass that forms the
boundary of the waveguide, and the angular direction wraps around the z-axis. The various directions may
be seen in figure 3.1 below.

Derivation of the Waveguide Modes

The starting point in the analysis of the modes contained in any arbitrary electromagnetic guiding structure
for example, a cylindrical dielectric x-ray waveguide, are Maxwell's equations given by equations through :

Assuming that the material composition of the waveguide will be such that it is both source free (g = [ and

J(r.t1 = 0 and non-magnetic {iz = 13. Thus EJ(F,;E] and ﬁ'{?,.ﬁ] assume particularly simple expressions,
namely

DF.£) = eB(F.6) and  HF.L) = %E(F,:) - BF.

where the = isthe dielectric constant and may be written in the form
== 1+,

where ¥ . isthe susceptibility of the material. Let:
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EG.) = Ep, .20 = (B p+ By + Hi3)e ™

Br.t) = Blp,p.20e™ = (B p+ Byl + B2e ™
Maxwell's equations thus become after cancelling the common =~ term:

7 . _.é[p,q:u,z] =1
7 . E[p,q:u,z} =1
v x E(p,9,2) ~ L B(p,p,z) = 0

7 x Bp, 9.2) + WTEEEP,G:',E} =0,

The z-dependence of the E and B fields

The next step isto derive awave equation that governs the electric and magnetic fields in equations and .
Thiswill be donein several steps. Thefirst one will be to use the technique of separation of variablesto

determine the form of the z-dependence of the electric and magnetic fields. Then the transverse components
of the electric (magnetic) field will be expressed in terms of the longitudinal component of the electric
(magnetic) field. Lastly awave equation on the longitudinal electric (magnetic) field will be developed and
continuing to use the separation of variables technique, solved for the final form of the longitudinal electric
(magnetic) field. To search for solutions to equations through start by assuming that the electric and

magnetic fields are separable and for brevity the electric field hasthe form: & g, .23 = Eip, ¢)2(z).
Taking the curl of equation and using equations and produces

32 .18 .1 8% | 8, wk )“‘
+ ==+ + + Elp,p,zy=10
(3,&2 Fdp  p?dp? 22 o P .2)

Substituting the form of & into equation produces after some algebra

1 A= 1 3 1 32 Eip,w} 1 322
— =t 55—t T Ay
(pz gt Fdp  p? ppe ) Elp, o) Z 3z°

where = = i has been used. Noticing that the right hand side of equation is a constant independent of g

and ¢, the left hand side must also be a constant. Therefore, the z-dependence of the electric and magnetic
fields, isfound to be

Z(z) = &
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Thus the electric and magnetic fields ook like after inserting the z-dependence
B(p,9.2,8) = E(p, gletasd

B(p,g.z.8) = B(p, p)eiast)

The Wave Equations for E; and B;

Again, to derive wave equations that govern the longitudinal electric and magnetic fields, one must write the
transverse fields in terms of the longitudinal fields. It will be easily shown from Maxwell's equations that the
transverse electric fields may be expressed in terms of the longitudinal electric field. Analogously,
expressions for the transverse magnetic fields will be shown to depend only on the longitudinal magnetic

field. Maxwell's curl equations and become in component form:For the p-direction:

%% kB, - 128, = 0
%%ﬁ: ik, By + B2 E, - 0
For the ¢-direction:
: G5
B, — p %Bm =0
5
B, — p + %Em =0
For the z-direction:
1.3 _ 198wy _
EEI:P.EE.:I E—w - .B_g' I:]
1 8 _ l% i o _
fﬁm °) " P 39 —E; =0

The magnitude of the wave vector, in vacuum, is given in the usual way as & = =.
Further, the index of refraction may be related to the dielectric constant in the vacuum and in the glass as
follows:
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2 _ -
}zglm—aglm—l+;|fu.

Thus the transverse components may be solved for simultaneously from equations through . After some
simple algebrathe results are:

BP0 = o iy, e G i) O
Bo(p.0:2) = e S ey B
Bo(p,0.2) = —— 22k DFs ik 35,

(n2k2 -k2) Op  (2Pk2-kE}p P00

In order to find the longitudinal components, one returns to Maxwell's divergence equations, equations and .
Utilizing equations and found above and after some simple agebra, the divergence of the electric field is:

- 2 &, 9% ik 38
Ve EB(p.p.z) = g z 4 z Ed
I g 2y 907 | (PR - iE)p O
: 2
tes FEs ik, = 0

{(n?k? - i} p? By

Multiplying equation by the factor {#*k* — k7 } and dividing by ik, produces:

B4E,  18E, 1 #%E
7 T P A T 2
2p £ p* dy
Comparing equation and equation , one can see that:

vIEEH{P= 'I":'E:I + {szz - '&"_..E'Z:IEH{P= 'I":'E:I = I:I

+ {n*k* — ki }E: = 0,

ViB(p, .z) + (nPk% — k2 )B(p.p,z) = 0,

where ‘?f‘ Isthe transverse Laplacian operator defined by

Vi = wi_

32
Az’

and an analogous expression for B; has been derived on the basis of equations and . Equations and represent
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the wave equations that govern the longitudinal electric and magnetic fields.

The ¢-dependence of the E and B fields

Next, to determine the form of the solutions for the electric and magnetic fields, one needs to know the

azimuthal (¢»-dependence) and the radial (-dependence) of the fields. To determine the form of the
solutions for the longitudinal fields, one continues to use separation of variables. Thus to find solutions for

equations and one lets the longitudinal components of &, and &, be given as

Bz = R(p)D(gp e

Br = R(p)D'(g)eitFs),

where Z; and B; are assumed to be separable. Substituting equation into the wave equations yields

we| 1 8 {  2R(p) Ripye™= | 3*Q(y)
Plo) [EEP(P dp )}-‘_ pz [ 3:;,::'2 j|+

(2K = k7 YR(p YD (p)e™ = 0,

with asimilar expression for 5. Rearranging,

F a { 2Rp) 2,2 22 1 80(g)
R(P]ap( dp )Hﬂk k) Tlp) Ap?

Noticing that the left hand side of equation isafunction of g only while the right hand side is a function of

¢» only, it must be the case that equation is a constant, let it be defined as m?. Thus,

1 32‘1’(@?‘]=m2
Tle)  Ap? ’

or,
D) = £,
Since {ip) is the azimuthal dependence of the electric and magnetic fields, the solution has to be periodic

with periodicity Zx. Thus @ ¢ + 2r ) = D(¢)), and therefore i is any positive or negative integer,
including zero. Thus the electric and magnetic fields have an angular dependence given by equation .

The p-dependence of the E and B fields

To determine the radial dependence of the field solutions, one returns to equation . Since equation was found

to be constant, one may rewrite equation in terms of that same constant 2. Thus equation becomes
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2
a5 [ oo

Inside of the guide, in the vacuum channel, one can define a dimensionless quantity, % through
a2

u? = g2 (?32 k- ;:3) = a*{k* - ki } = a*k* sin*0

ac

where « isthe waveguide radius. Since s = & for small incident angles, this makes 1 in equation an
effective angle of incidence. Further, within the glass walls of the guide, one can define a dimensionless

quantity, % through
a2

= (- ) - L 2 R),

where w is proportional to an effective angle of refraction and the waves that % describesin the glass are

i

evanescent waves. Thisimplies that w2 will be positive when the angle of incidence with the glassisless

than the critical angle. Thusinside of the vacuum channel, for p = @ equation becomes
1.3 ER{p))_ m* _wt | peay 2
e (p 3 7 2 (p)=1u

Thisis Bessel's differential equation. The solutions are Bessel functions of the first kind J/,,,{ = ) of order

w2, or Bessel functions of the second kind ., { = 3, of order #2, also called Neumann functions. Bessel
functions exhibit the asymptotic behavior of a cosine function with a phase shift and an amplitude that

decreasesasp_%.Additionally, S0y = 0,a p = 0, except for the #z = 0 case, where Jg(0) = 1. The
first few Bessel functions are given in figure 3.2 above.
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InlX)

Plot of the Bessal Functions of the first kind, for orders# = 0,1, and 2.

The Neumann functions exhibit the asymptotic behavior of a sine function with a phase shift and an

_1 : : : .
amplitude that decreasesas ¢ 7. As p — [, the solutions diverge. The first few Neumann functions are
listed in figure 3.3 below. Thusfor physically meaningful solutions, Neumann functions are rejected in favor
of Bessdl functions, and

Rip) = Jm{%p}
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Plot of the Neumann Functions for theorders#: = [, 1, and 2.

Therefore it follows that solutions to the longitudinal components are obtained by joining the solutions for R

(e, T3, and Z(z) asfollowsfor p < a
EH{P,QI',EJ:I = Emjm{%p}e"’”me"':k‘m:'

Balp,¢,2,t) = By Jm{ L p)eimeeiba

Intheglass (¢ > @, one has:
13 aﬁ{ﬁj‘) I B =

which is the modified Bessel differential equation. Its solutions are given by 1 {2}, which are modified

Bessel functions of the first kind of order #z, or £,,{— g, which are modified Bessel functions of the
second kind of order #2. Modified Bessel functions of the first kind, £, {— 2, exhibit the asymptotic
behavior ™ p_% and grow without bound (or diverge) as p — =, while modified Bessal functions of the

second kind, & (% ), exhibit the asymptotic behavior £ p_% and tend to zero as p — 2. A couple of
the modified Bessal functions of the first and second kinds are shown in figure 3.4 below. In search of
physically meaningful solutionsinside of the glass capillary, one does not want the solutions to grow

without bound, and therefore the solutions /., (= 2 ) are rejected.

la
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Plot of the modified Bessal Functions of the first and second kind of orders#: = 0 and #: = 1.

It therefore follows that the solutions to the longitudinal components are as followsfor p = a:

Eelp,.z,2) = Emtﬂm{%p}g"m%iik:m:n

Belp.p.z,t) = B Km {%p}e’”%ﬂiﬁ::s‘-m'ﬁ_
Equations and along with and represent the longitudinal form of the el ectric and magnetic fields respectively

in the vacuum gap and in the glass fiber. The coefficients 2., £_ ., 5. ,and 5_ , are asyet undetermined

ot ?

amplitudes of the electric and magnetic fields. The amplitudes &_ ., &, ,and &_ . will be expressedin

terms of the amplitude & . Next boundary conditions must be imposed on the solutions found in order to
determine the allowed modes that the capillary can support.

Boundary Conditions at p = &
Boundary conditions need to beimposed at p = . Applying boundary conditions at the vacuum-glass

interface imposes restrictions on the undetermined amplitudes (&, , &, , F_ ., and &_ ) that appear, and in
turn the allowed modes that the fiber can support, as will be shown. The applicable el ectromagnetic

boundary conditions require that the tangential components of the electric field, (&5, &), and magnetic
field, {Hg = B and Hy, = 5, } be continuous across the boundary. In addition, the normal components

of the displacement (L), = =& ;) and the magnetic field (£ ;) must be continuous across the boundary. The
components of the electric and magnetic field are found from equations through . Evaluating the components

one obtains:For p = «, in the vacuum channel:

Er=E_Jm (%P}E}mm

Be = B_Jm (%p}gz-m@

Zp = gt EuTn{fp)em - 1B, T (fp)em

5y = K5, g (4p)etme ~ K p, ], (% p)ene
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By = g g (1, \ame g 7 (8 p)gms

i

_ ika ! i mp -'E-'?miIF‘?E i m
By = it Eudm{Gp )e™ = o Bdn (G )™
For o = a,intheglass

Fr=E_ Kn {'%P}Emm
Be=B_ Km {'%P}Emm
B, - p K (p)eme v B K, (2 p)ee

BF‘ — _{1 + IEU :"'E:ﬂm E.:.uth (%P}Ez}nm _ ﬂ:Txﬂ‘Bnuth {%P‘}Ez}n@

H

E, = ﬁ:;ﬂzm Emtﬁfm{%P}é‘mm + ﬂ:?ﬂﬂnutﬂ;n {%P}E’mm

Bm _ _[1 +1Ij:_‘fu:|3.'g:ﬂ Eth;n {%P}E!-mm + .IE:;(I;?‘E Bthm {%P}E!.mm.

Next, applying the boundary conditionsat o = @, produces the following coupled equations:
Emn.-rm {H] = Ethm{W:l

ijm {H] = Bthm{W:l

L o N | |
S E (1) = R By Tn(w) = FELE Ko () 4 BB Ko ()

i

- - i, 1+, kg . o s
K T 0) = E B ) = ST g ke o0y + BB )

These boundary conditions allow one to express the undetermined amplitudes of the electric and magnetic
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fieldsin the glassin terms of the still undetermined amplitudes in the vacuum channel. From equations and ,
one finds that:

_ oz dImli)
_p Jm()
By = ij{m{w].
Substitution into equations and produces, in matrix form, the relations:
kon{ L+ LY dk(m 2 E, 0
ik(m + (1+ g,)m2) —kam( L+ L) Bin 0
Where
f Jp(u) f K(w)
= e (1) and 2= WA (W)

Equation is alinear homogeneous system of equations. In order for non trivial solutionsto exist, the
determinant of equation must vanish identically. Thus,

2
B +nz)m+ (1+ xo02) = ﬁmz(%Jr %) -
i H

Notice that in equation for # # [ there are no pure TE or TM modes. Equation is the characteristic

equation for the modes in the waveguide. Equation determines the allowed values of i; and of the transverse

components of &, for agiven frequency & and index #z. This accomplishes our first task of deriving the
modes. Next, one may elicit some of the interesting features of the characteristic equation.

TE and TM Modes for x rays

Recall that the index, #z, in the characteristic equation for the modes, equation , is alowed to assume all
valuesintherange 0,£1,£2, .. Here one can investigate what happens to the modes as #: is allowed to

assume different indices. Suppose that #: = (1. The characteristic equation that describes the modes
becomes:

(1 +mziiqr + {1+ x, 20 =10

Therefore, either {171 + 57231 = 0 or {1 + (1 + x,3p2) = 0. Here the modes naturally split themselves
into two families. One family will have the characteristics of the transverse electric (TE) modes while the
other has characteristics of the transverse magnetic (TM) modes. In the following sections it will be shown
that the electric and magnetic fields naturally split themselves up into two families, the TE modes which
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depend on the amplitude 5., and the TM modes which depend on the amplitude ..
TE modes

The TE modes are described by the amplitude =, , which is directly proportional to the longitudinal
magnetic field £;. Here one will derive the characteristic equation for the TE modes and then examine the
resulting electric and magnetic fields. For the casethat (71 + 172 ) = [ one has

71 = —fz,
or

Jolu) _  Eylw)
() w&p(w)
Utilizing the recurrence relations for Bessel and Modified Bessel functions of the first kind, namely,

Sm-1 {I:' — St I:.'-'E:I
2

T(X) =

_ K (x) + K (2]
5 .
one can express the derivatives of the Bessel and Modified Bessel functions appearing in equation in terms

of the functions themselves. Thus, equation becomes

Ji(y _ K(w)

IRLY Y wEo(w)
Thisisthe characteristic equation for the TE modes. This agrees with the usual treatment for visible and
microwave radiation. (See for example the work by Gloge] Gloge] and Marcusel Marcuse].) In order for a

Koplx) =

mode to be transverse electric, the longitudinal component Z; of the electric field, must be identically zero.

This can only happenif &, (andthus &_ ,) wereidentically zero. Thus the TE modes only have a
longitudinal magnetic field. What does this mean in terms of the electric and magnetic fields? To see what

this means, recall equations through . Inserting # = [ into equations through and using equation for &_ .,
for &_ ., and equations and for the derivatives of the Bessel and modified Bessel functions, one arrives at

the fields that depend on amplitude &, (and thus &), namely

By = Bmuﬁ] (%P}
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B, =ifep (Lp)

i
Bp = i8N {%PL
where B; = B, = B, = [,
TM modes
The TM modes are described by the amplitude &._, which is directly proportional to the longitudinal electric

field &;. Here one will derive the characteristic equation for the TM modes and then examine the resulting

electric and magnetic fields. For the casethat 171 + {1 + ¥, )7z = U onealso hastherelation:.

71 = —(1+ y,in2.

Rewriting equation in terms of the representations of 171 and 172, and again using the recurrence relations for
the Bessel and Modified Bessel Functions one finds:

Jyw)
o) (1+ x4

£10w)
wio(w)

Equationisvalid for any y,. Thisisalsoin agreement with the usual treatment for visible and microwave
radiation. (See for example the work by Gloge [Gloge] and Marcuse [Marcusg].)

Inserting 2 = [ into equations through and using equation for &_ ., for &_ ., and equations and for the
derivatives of the Bessel and Modified Bessel functions, one arrives at the fields that depend on amplitude

E_ (andthus £;), namely
By = Em.fl:l (%P}

B, = -8 g 7 (%p)

By = 'mEmJl{%PL

where 5; = 5, = E, = (. Further it isinstructive to note that for x raysin thelimit that ¥, ismuch less
than unity, the characteristic equation for the TM modes, equation isidentical to the characteristic equation
for the TE modes, equation for dielectric waveguides. The TE and TM modes are not degenerate in general.

However when y, — 0, the boundary conditions do not distinguish between &, I} and 5, H. Therefore as
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¥, — UtheTE and TM modes become degenerate. In fact the two modes are polarized at right angle to one
another (thus one being transverse electric and the other transverse magnetic). Thisis aso obvious by
examining the electric and magnetic fields for the two modes, if further the angle of incidence is also small.

This allows one to conclude that & = i cosé, which for small angles of incidence gives & ~ k. Thusfor
example, from equations and (as well asfrom equationsand ), #, o= &g, (and &, oc By) and from the TE

modes a ninety degree rotation gives the TM modes for small }, and small angles of incidence.
The Hybrid modes for x rays

Next, one examines the case where #: # (1. Here one will find that the modes do not split themselves
naturally into two families. Both sets of modes will depend on the longitudinal electric and magnetic fields.
These modes will be termed hybrid since they contain both alongitudinal electric and magnetic field. Recall
that the characteristic equation for the modesis given again by equation

2
ey +n200m +(1+ x,002) = kﬁmz(% + %) ,
i H

where the definitions of 71 and 172 are given by equation . Further, recall that no limitations as of yet have
been placed on ¥ ,. Therefore the characteristic equation is valid for all forms of electromagnetic radiation
aswell asfor al ¥ ,. Dividing equation by k2 and utilizi ng the definition of 12 given by equation and using

the dimensionless parameter, 2= gtk ¥ produces a characteristic equation explicitly involving the
susceptibility.

(m+nz)im + 1+ x,0n2) = m2(1+ %Iu)(u%Jr#)z,

The quantities i (equation ) and w (equation ) are proportional to the transverse components of the wave

vector within the vacuum channel and the glass walls respectively, I is proportional to the critical angle,

~¥, (equation), and the dimensionless quantities z;, w, and " are related by

|1;,r2 2 2

= 3¢ + W = —.:IEE:E;EU

Hereit isinstructive to give some values to the parameters i, I, and w. For awaveguide of radius
a=5x10"m, k=407 % 10m™ (for copper K, X rays) and ¥o=-1%x 107 (for copper K, X

raysin borosilicate glass), onefinds ¥ = &&7. Using the definition of z given by equation , one finds

z ~ 2, and thus by equation , with ¥ 3 1< w ~ 887. The characteristic equation, equation is exact and

iIsvalid for all frequencies of electromagnetic radiation. Further, this form of the characteristic equation is
quite complex to work with. Considerable simplifications arise, in the case of x rays, for the susceptibility
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2

being much less than unity. Since ¥, =% 1, along with the condition that "% % 12 onecan neglect the

termsinvolving yx , to first order in equation . Thus,

2
(M +12)% = mz(%ﬂr%) ,
i H

or taking the sguare root

N 1 1% _ [
(W1+W2}~iM(u—2+—2)—im( > 2)_

W

Replacing i71 and 172 by their definitions, one arrives at the simplified characteristic equation for x rays:

Tm() | Kp(w) 1
e (1) T W (W) - im(—)

HE

Equation isvalid for al integer values of # including zero. Here one can assign a physical meaning to this
integer #2, namely that of total angular momentum. Thisis the angular momentum of the x rays about the
longitudinal axis of the waveguide as the electric and magnetic fields of the x rays rotate in the ¢p-direction

and propagate in the z-direction. If #2 = (1, the angular momentum vector points along +z. When the mode
Is viewed looking down the waveguide at the mode, as the mode approaches the observer, the mode would

appear to spiral clockwise. If #2 < ([, the angular momentum vector points along —z. When the mode is
viewed looking down the waveguide at the mode as the mode approaches the observer, the mode would
appear to spiral to the counterclockwise.

Modes obtained using the + sign in equation (for any positive or negative value of #2) are termed EH ,,
while the modes obtained using the — sign (for any positive or negative value of #2) aretermed HE ,,, in
the terminology of fiber optics. Clearly the modes EH ,, and HE —,,, are degenerate and will be treated later.
The + or — sign will turn out to be the spin angular momentum of the mode, and the total angular

momentum, #z, of the mode will be the sum of the orbital and spin angular momenta. Next, one will explore
and analyze these two hybrid modes for the case of x raysin the glass capillary.

The EH ,, modes

Notice that the characteristic equation, equation , contains derivatives of Bessel and Modified Bessel
function. It can be rewritten using only the Bessel and Modified Bessel functions themselves, rather than
their derivatives. Equation may be simplified through the use of the recurrence relations for the Bessel and
Modified Bessel functions. From Abramowitz and Stegun,

S (2 )
)

“rm(u:' =+ + '-’rm?:l (1)
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x (w) = _mf{ [wj

m=Fl ':W:'

Using the (+} sign in equation and the lower signs from the recurrence relation equations and above
produces

'-"-rm+1 {IJ:I Kmﬂ ':W:' =0
26 (24 W (W)

Equation is the characteristic (or eigenvalue) equation and can in principle be solved for the alowed values

of . Once the allowed values of iz are known, one can use equation to determine the allowed values of the
longitudinal propagation constant 4.

Circular Polarization of the Transverse Field Components

The transverse field components are circularly polarized with some interesting implications. The continuity
of the electric and magnetic fields at the glass interface puts restrictions on the amplitudes of the allowed

fields £ and &, . First one will determine the relation between the amplitudes of the fields. Second, one

will show the circularly polarized nature of the fields. Lastly, one will explore the implications of the results
obtained.
To demonstrate the relation between the amplitudes of the electric and magnetic fields in the vacuum

channel, continuity of the tangential components of the electric and magnetic fields (& (equation) and &,
(equation )). Using equations and along with equations and , one can relate the amplitudes of the electric and

magnetic fields. From equation , the EH ,, modes are given by

H nut

kxamgj{]_zka‘gj{]_kmmg K[w}+3kﬂ Ko,
14 We

which reducesto

1. 1Y _ . Tl) K (w)
ﬁ:gamﬁm(u—z+ F) = Ekﬂgm(uim{u} + me{w])’

where Z_ , and & _ , have been replaced by equations and respectively. Thus the ratio of the amplitudes of
the electric to magnetic fieldsis given by

P ik (uzwzj( Tn(t) | Kom() )
B, kg A P2 wlml(u) Wi (w) )

1

Using the recurrence relations for the Bessel and Modified Bessel functions, along with equations and , one

Is able to smplify equation for the EH ,, modes. Thus the ratio of the amplitudes of the electric to magnetic
field reducesto
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[

in Kk

k

1

for ¥, = 1. Further, by the triangle formed by the incident wave vector with respect to the z-axis, the
longitudinal component of the incident wave vector may be expressed as k; = 4 cos(8), which for small

angles of incidence gives cos(@) = 1. This produces for the EH ,, modes
E

ER

= —i

This shows that the longitudinal electric and magnetic field amplitudes are out of phase by %

To show the circularly polarized nature of the EH ,, modes, one can calculate the radial and azimuthal
components of the electric and magnetic fields (£, &, 5, 55 directly, by means of the longitudinal
components &; and £;. For the amplitude ratios for the fields of the EH ,, modes given by equation ,

equations through produce for g = =,

By = | () - B (tp) |Byr s
B, - [ EE (85) s K () |pemets

b= [0, (80) - 52 () Jrueet

1w“p

By = [ﬁ%jm (%P} - ﬂ:;im Som {%P} }Eme"’”%’*ﬁ.

The above set of equations for the EH ,, modes contain derivatives of Bessal functions. One would like to
eliminate the derivatives in favor of the Bessel functions themselves. The derivatives that appear in

equations through may be ssmplified for the EH ,, modes with the help of arecurrence relation for Bessel
functions:

..fmli}t’:l = %jm(-x} — Jmtl (I:'

Therefore for the EH ,,, modes,
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Ex = Ez’n-fm (%P}Eimmgihx

-Ep _ Ekijﬂ u'-rm+1 (%P}Emgimmgik,x

Bo = T () B 0
Ex = jEz’nJm (%P } E;‘mmé.;'.i:,x

oty

By = B (L), proghs

where again, for grazing angles of incidence, &; = kcos(f) = k. Therefore,

E,=+iE, atid B, = +ib,.
Thisis precisely the condition for circular polarization. Here one has for the transverse electric field

SLCF
E

transverse

= Eﬁ'ﬁ - iEp'f}?' = Eﬁ"::a - 1-;'35'1

where an analogous expression for the transverse magnetic field could also be written. Here the rotation of
the transverse electric field vector is defined to be clockwise when looking into the wave, and is termed | eft
circularly polarized (LCP) and has positive helicity.

Equation is used to describe the transverse electric field of the fields in the vacuum channel. Examining

figure 3.5, at afixed point in space, say point A with coordinates (z, ., z), the transverse electric field

vectors sweep around in acircle at afrequency . For the EH ;CP modes the magnitude of the transverse
electric field vector is not constant, but varies with g and the direction varies with ¢ as shown in figure 3.5
for the case #2 = (1. In other words there appears to be no »-dependence to the electric field vectors.
However, the full transverse electric field vector (equation ) depends on ¢, even if the fields do not. Astime
passes the electric field rotates clockwise. Thisis spin and has avalue of +1 along z. The i»-dependence of
the fieldsis the orbital angular momentum of the mode about the z-axis. For the case ## = 1, the électric

field vectors all rotate in phase at frequency .
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%@ 9Pgp
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m =1 m =0

Schematic of the electric field vectors for the two cases # = [ and #2 = 1. In theleft picture one has EH
1 mode. The electric field vectors are all in phase and rotate clockwise when viewed from afixed point in
space, have an orbital angular momentum about the z-axis and have total angular momentum +1. In the

right picture one has the TM mode case. Here the modes have no ¢-dependence but do have an associated

orbital angular momentum about the z-axis and a total angular momentum of (.

The HE ,, modes

In an analogous fashion to the development of the EH ,, modes, the HE ,, modes will now be treated. As
was done before, the characteristic equation will be expressed in terms of the Bessel and modified Bessel
functions themselves, rather than their derivatives. Equation may be simplified through the use of the

recurrence relations for the Bessel and Modified Bessel functions, equations and . Using the (- signin
equation and the upper signs from the recurrence relation equations and above produces:

Tl (1) _ Kol (W) =10
2t (1) W (W)
Equation is the characteristic (or eigenvalue) equation and can in principle be solved for the allowed values

of . Once the allowed values of iz are known, one can use equation to determine the allowed values of the
longitudinal propagation constant &;.

Circular Polarization of the Transverse Field Components

By virtue of the circular symmetry, it will be shown that the transverse field components for the HE modes
are polarized and that the polarization is circular. The circular polarization of the transverse field
components will have some interesting implications. By using the continuity of the electric and magnetic
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fields at the glass interface, this put restrictions on the amplitudes of the allowed fields &, and &, .. First

one will determine the relation between the amplitudes of the fields. Second, one will show the circularly
polarized nature of the fields.
To demonstrate the relation between the amplitudes of the electric and magnetic fields in the vacuum

channel, recall the continuity of the tangential components of &, (equation) and £, (equation ). Using
eguations and along with equations and , one can relate the amplitudes of the electric and magnetic fields.
From equation , the HE modes are given by:

ka g o) - g Sy = S L Iy B )

242 W

which reduces to:

_ 1 Y e [ Il Knlw)
xamﬂm(uz + wzj zﬁ:aEm(qu{u] +11 +I“]wf{m[w] )

where Z_ , and & _ , have been replaced by equations and respectively. Thus the ratio of the amplitudes of
the electric to magnetic fieldsis given by:

B

in - g K,
o ) (2 20 )

for the HE modes. Using the recurrence relations for the Bessel and Modified Bessel functions, along with
equations and , oneis able to simplify equation for the HE modes. Thus the ratio of the amplitudes of the
electric to magnetic field reduces to:

[-x1

gk
Equationisvalid for thelimit in which ¥, small compared to unity. Further, by the triangle formed by the
Incident wave vector with respect to the z-axis, the longitudinal component of the incident wave vector may

be expressed as &y = 4 cos(@), which for small angles of incidence gives cos(8) = 1. Thusfor the HE
modes:

Ein
— = +i.
in
This shows that the electric and magnetic field amplitudes are out of phase by %
To show the circularly polarized nature of the EH modes, one can calculate the radial and azimuthal
components of the electric and magnetic fields ( £, &y, . £ 5, B directly, by means of the longitudinal

components &; and £;. For the amplitude ratios for the fields of the HE modes given by equation ,
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equations through produce for g = a,

B, = ﬂ:;.:x 7, {% F‘} + l‘ﬁ.i?:;; J:E I8 { % , } Emgimmgﬂhx
Ha = _— 's:xﬂzmj {E — -'E:_ﬂj {E _E- imp k2
’ wp ‘IP} T .:IP} mf €

1w“p

.5.','3(1 ' P I E
T (40) [Betet

ot 7 jkﬂzm g 3k, E
Bo - | B (o) + B (40) [ emocts

The above set of equations for the HE ,, modes contain derivatives of Bessel functions. One would like to
eliminate the derivativesin favor of the Bessel functions themselves. The derivatives that appear in

eguations through may be smplified for the HE ,, modes with the help of arecurrence relation for Bessel
functions

Tn(%) = = Jm(x) + Jue1 ()

For the HE ,, modes then,

EE' = 'E!.?‘!'-‘F?‘?‘! %P}E;mmgzhx

By = Bl (4p) B 0m0ee

i

By = —520 1 {2 p) B, o0t

i

-BE' = _iE!'Hjm {%P}gimmé'ﬂ;:x

B, = -'E:iiﬂ [,fm_l {%P} ]Emé,;'mmé.;-,i;:x

By = Harly,  (Ep) B, emoets
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where, for grazing angles of incidence, k; = kcos(f) = k. Therefore,

Thisis precisely the condition for circular polarization. Here one has for the transverse electric field

E‘.RCP
transverse
where an analogous expression for the transverse magnetic field could also be written. Here the rotation of
the transverse electric field vector is defined to be counterclockwise when looking into the wave and is
termed right circularly polarized (RCP) and has negative helicity.
Equation is used to describe the transverse electric field of the modes at a fixed point in space, say point A

= Bop +iB,p = Ep(p +i),

with coordinates (g, ¢, ). Thetransverse electric field vector sweeps around in acircle at afrequency a,

while the magnitude varies with p and the direction varies with ¢. For the 2 = [ case, the ¢p-dependence
Isthe orbital angular momentum associated with the electric field which makes the electric field vectors
rotate out of phase with each other. The spin of the electric field vectorsis counterclockwise and has avalue

of —1 and points along Z as shown in figure 3.6.

»Pw ©Dg
® Ol oLAS
@(D(D @(D@

m = -1 m =100

Schematic of the electric field vectors for thetwo cases ## = (1 and #2 = —1. In the l€eft picture one has HE
1 mode. The electric field vectors are all in phase and rotate counterclockwise when viewed from a fixed
point in space, have an orbital angular momentum about the z-axis and have total angular momentum —1.
In the right picture one has the TM mode case. Here the modes have no -dependence but do have an

associated orbital angular momentum about the z-axis and a total angular momentum of (.

EH ,, and HE ,, Mode Degeneracy

Recalling that the general characteristic equation for the modes is given by equation , one may notice that
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the index # used to characterize the modes may assume any integer value (positive or negative) as well as
zero. The modes that arise by solving equation will have a natural degeneracy in the choice of #:. Both
positive values of #: (with the + sign in the characteristic equation) and negative values of #: (with the —
sign in the characteristic equation) will satisfy the characteristic equation, with the choice of #: equal to zero
being trivial. The resulting modes will propagate with the same propagation constant 4. The choice of

# = [1in equation lead to the TE/TM modes, while the choice of #: different from zero leads to the hybrid

EH/HE modes. Equation isvalid for all valuesof . For x rays, when the limit of small ¥, istaken, a
degeneracy will arise that will allow one to combine the hybrid circularly polarized modes into a set of
linearly polarized modes.

EH and HE Mode Degeneracy as a consequence of Changing Indices From
M {o —mt

The EH ,, and the HE —,, modes will be ultimately be defined by the same characteristic equation, in the
limit of small . It will be shown that equation for the EH ,, modes will turn out, in the limit of small y ,,
to be identical to the characteristic equation, equation for the HE —,; modes. Thus, those modes will be
called degenerate in the sense that EH ,,, and HE —,,, modes will propagate with the same propagation
constant i;. To do this, one may recall equations for the EH modes and for the HE modes. Recall from

equation the characteristic equation for the HE ,, modesis given by

jm—l':u:' _ Km—l'iwj =10
(1) W (W) '

If one makes the substitution of # — —#:2 in equation , one finds

J—m—l':u:' _ K—m—l':w:' =10
(i) WE (W)

Using thefact that J—,(x) = (—=1)"Ju(x) and that £_,{x) = &,{x) one obtainsthe following relation

'-"-rm+1|:u:| + Kmﬂliwj —
St W (W)

which is equation , the characteristic equation for the EH ,, modes. Thus the HE —,, and the EH ,; modes

are degenerate, that is they propagate with the same propagation constant i which is given by equation .
Therefore one may write this degeneracy as
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HEiiP ke o anr:P

Next, one may ask how the fields that describe the modes change as one makes the substitution #: — —#2in
the characteristic equations. Recall that the radial and azimuthal electric and magnetic fields for the EH }HCP

modes are given by equations through , while for the HE EE,P modes they are given by equations through .
Suppose, for example, that one examines the radial and azimuthal electric field of the EH ,, mode, with the

radial and azimuthal magnetic fields following by analogy. If one makes the substitution of #: — —#z, the
radial and azimuthal electric fields transforms from

EH;CP: g ﬂ-';jﬂ jm+1 {%F‘ }E-_Il;lé.z'mmé.z'.i:,x

[

EH;CPZ Bn o= —%jmﬂ {’%P}E;é.immgik.x

r

to

E;m — _{_1 :I:":"!—]. 3-5-;_:'(1 jm_l {%P}ELEE'I:—?H:I@E!&:E

Bt = (-1 Ky, (o) B i gt

Absorbing the factors of {—1)™ & L into & . and simplifying, one obtains:

ikza S (EP}E;E"""“’E"‘“ = B% :H.Eicp

i

j: — AIRPLIE m . FCF
L e (Lp ) E_emmogs = g HE

Recall that the index #: describes the orbital angular momentum. In making the substitution from #: — —#,
the total angular momentum has flipped its sign and the mode has gone from a state of being L CP to being
RCP. Further, notice that the spin angular momentum has gone from +1 in an EH modeto —1 inan HE

mode while the mode continues to propagate in the +z-direction. An illustration of this degeneracy is shown
in figure 3.7.
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[llustration of the degeneracy that arises between the EH ,, and HE -, modes when the index is changed

from #2 — —#. This degeneracy was explored and used as a basis the eventual superpostion of the hybrid
circularly polarized EH/HE to form the linearly polarized modes.

Behavior of modes for & <= 8.

The behavior of the hybrid modes needs to be examined for angles of incidence that are much less than
critical angle, or for the condition of near grazing incidence. Note, as the angle of incidence approaches the

critical angle i getslarger (it is proportional to the angle of incidence), and w gets smaller, and the x rays
penetrates farther into the glass capillary and are no longer confined in the vacuum channel. The behavior of

the modes for angles of incidence much less than the critical angle is determined by the limit of w == 1.In

this situation there is little penetration of the x raysinto the glass capillary. For large w, the modified Bessel
functions become, for angles of incidence much less than the critical angle:

1

Ko(w) = (i) T

2
such that

Koplw) = ﬁ[(%) i_.;?_’*"j| = —(1 + ﬁ)ﬁm[w].

Since there exist different classes of modes, namely the TE, TM, and the hybrid EH ,,, and HE ,, modes, it is
instructive to look at each of these cases separately.

The TE and TM modes for & = &,

Here one will examine the behavior of the TE and TM modes for angles of incidence that are much less than
critical angle. Recall that the TE and TM modes are identical for y, - 1 and that the characteristic
equation is given by either equation (for the TE modes) or equation (for the TM modes). For #: = (1, the
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characteristic equation for the TE or TM modes becomes, in the limit of large w,

- : 1
o) __ Kyowy  (rs)

140 (5 ) WE g (W) W
Further, from the recurrence relations for the Bessal functions:

Jolw) = =J1(x),

such that the left hand side of equation in the limit of large w, the behavior of the TE iy OF TM iy
modes are governed by

J1{u) =10,

where iy » isthe »™ zero of J) (2. Thefirst five zeros of .1 (i) are given in table 3.1 below

Jpiu)
3.832
7.016
10.173
13.324
5 16.471
\caption{ The first five zeros of $J {1} $(u).\label{ key}}

PlWl NPz

The EH modes for & <& &,

Again to determine the behavior of the EH ,, modes one assumes that the incident wave vector makes a

small angle of incidence, much smaller than the critical angle, and that ¥ . is much less than unity. For the

EH .. modes far from the critical angle (in the limit of large w,) the modified Bessel functions are given

again by equation . Recalling the EH , , defined by equation , one seeks arepresentation of X1 (W in

terms of &, (). From the recurrence relations for the modified Bessel functions,
K1 (W) = SBE o (w)+ Ky (W),

and
K1 (W) = =28, (W) — K1 (W),

where £, (w ) from equation will be utilized. Thus
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B (w) = (B +1+ L) ).

L 2
Therefore equation becomes:

CJen () _ Kan(w) 1

2l (1) Wk (wy W

In the limit that w — o2, the right hand side of equation vanishes and the behavior of the EH ,, » modesis
dictated by:

The ,t:"h zeros of Jy41 (1) are given in the table 3.2 above.

mo |1 2 E 4 5

0 3832 |[7.016 [10.173 [13324 |16471
1 5136 [8417 11620 |14.796 |[17.960
2 6380 [9.761 [13015 |[16.224 |19.409
3 7588 11065 |[14.373 |[17.616 |20.827
4 8771 [12339 15700 |[19.980 |22.218
5 9.936 |[13589 [17.004 |[20.321 |23586

\captior{ The zeros of $J {m+1} $(u). The values of m are labeled down the left most column.\label{ key}}

The above analysis has w — o2. One could redo the analysis for w large, but not necessarily infinite. The
radial Bessel function solution does not go to zero and vanish at the glass interface. In the glass, the

solutions decay as a modified Bessel function. The z:'s that appear in the argument of the Bessel function
will in general lie closeto a zero of the Bessel function that describes the radial solution, in this case

S+l (221, To incorporate this fact, let
w o= f—du.

Here i represents the p!* zero of Jp1 (i) asw = 1 for the case where there is no penetration by the x-ray
into the glass, and & isasmall first order correction to & which represents the amount of penetration of the

x-ray into the glass. Taylor expanding /(% and 41 (£ ) @bout z produces:
Tm(t) = Jm(3) = Sl (2)

Toerl () = =B (2),
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where J,+1(#) = 0. The derivatives of the Bessel functions are obtained through the use of the recurrence
relations. Thus equations and become:

ol12) = (1+%5u).fm[ﬁ]

o1 () = Tm(d),
and eguation becomes for any w,

_ St (1) — — it 1

whn(#) {1+ 25u) W

where;

W= a,n'Vz—uz w

for the casethat % = 5. Therefore eguation becomes

—&i L
(@-8u) {1+ 28u) V¥

Inthis case, for any w,

Sid

e

/3
V?

u=ﬂ(1+%,).

Recalling that since I ~ 887 and & ~ 2, equation gives iz ~ % and the real zeros of the Bessel function

S0 that

when the x-ray penetrates into the glass, i, may be approximated by the zeros of the Bessel functions when

there is no penetration of the x-ray into the glass .

The HE modes for 7 = &,

For & - &, and for large w, the modified Bessel functions are given again by equation . Recalling the HE
m,p defined by equation , one seeks a representation of & -1 (¥ interms of &£, (W ). In an analogous

fashion to the development of the EH ,,, , modes, the behavior of the mode is given by:
“'?m—l |:I4':I — Km—l I:W:I — 1

2t (24 W (W) oW
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For w — o2, the behavior of the HE ,, » isgiven by:

Fmo1 (23 = 00
and the »'® zeros of J,,,—1 () are given in the table 3.3 below.
mp |1 2 E 4 5
2 3832 |[7.016 [10.174 |[13324 |16.471
3 5136 [8417 11620 |14.796 |[17.960
4 6380 [9761 [13.015 |[16.223 |19.409
5 7588 |[11.065 [14.373 |[17.616 |20.827
6 8775 12339 |[15700 [18.980 | 22.218

\caption{ The zeros of $J {m-1} $(u). \label{key}} The above analysis has w = 1. One could redo the
analysisfor w large, but not necessarily infinite. The radial Bessel function solution does not go to zero and

vanish at the glass interface. In the glass, the solutions decay as a modified Bessel function. Thus the i's that
appear in the argument of the Bessel function will in general lie between two successive zeros of the Bessel

function that describes the radia solution, in this case ./,—1 (1. To incorporate this fact, again, let z be
given again by equation and Taylor expand J,,—1 (#) and ./ (&) about z in evaluating equation . In a

completely analogous fashion to the development of the EH ,; modes, the HE ,, modes become:

- 1(1-4)

Recalling that since " ~ 887 and & ~ 2, equation gives & ~ & and the real zeros of the Bessel function
when the x-ray penetrates into the glass, iz, may be approximated by the zeros of the Bessel functions when

there is no penetration of the x-ray into the glass .
Linearly Polarized Modes

The degenerate circularly polarized EH 4, and HE ;,, modes can be superposed to form linearly polarized or
LP modes. These differ from the usual linearly polarized modes for x raysin vacuum in that these linearly

polarized modes have total angular momentum denoted by the mode index #:. In order to superpose the EH

=~ and HE ,, modes with the same total angular momentum, one will transform both sets of modes from a
cylindrical coordinate system to arectangular coordinate system. In performing this transformation to a
rectangular coordinate system, the rotating modes will be able to be superposed in a compact and easy
manner. The linearly polarized modes will be the modes used in the remainder of the thesis.
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Transformation of the EH ;; modes from Cylindrical to Rectangular
Coordinates

Since the hybrid EH , or HE ,,; modes are degenerate, one would like to combine them together to form a
linearly polarized mode. To do thisit is advantageous to express the electric and magnetic fields in terms of
Cartesian components rather than cylindrical components. To transform from the cylindrical coordinate
system to the rectangular coordinate system, one applies the transformation matrix to the cylindrical field
components. For the electric field, one has

H, COS() — St E,
Ay S COS E,
with asimilar transformation matrix for the magnetic field. To transform the EH ,,, modes, recall that the

longitudinal electric and magnetic field components are given by equations and , while the transverse
electric and magnetic field components are given by equations through in the vacuum channel. For brevity,

the z-dependent term, ™ will be suppressed the following derivation. Expanding the complex
exponentials using Euler's result:

27 = cos(mip) + isin{rpg )
it follows that the EH ,, modes may be expressed as.

Bs = B Jn(%p Y cos(me) + isin{mp))

He = Bydn(Lp) (-sinimg) + icos(mo))

By =g 7on {%p ) (sin(me) - icos(mgp))

By = S8, Jt () (cos(me) + isin(me)

By = ~528, T (%) (cosimg) + isinme))

By = %28, Jo1 (p) (sin(mp) - icos(me))

Applying the transformation matrix and simplifying the resultant expressions for & - &, the electric fields
yields:
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By = 588 Tt (2 )[sinme ) cos(9) ~ icos(mep) cos(g)]
+ 58 B Toa1 { X p Ycos(mp) sin(p) + i sin(rp) sin(p)]
kzct y . : . :

By = 222 B, T { £p Ysin(me) sin(p) — icos(me ) sinp) ]
_ %Emjm+l {%p}[cms[mq)] cos(p) + isnimg ) cos(p)]

A, = ’E:fﬂ TR~ {Ep}[ms{m@]ms{w]-|—z'sin[mq:-]|:c-s[q:lj]
ﬁ:ﬂ 52 BTt { o Ysin(mep ) sin(p) — i cos(me) sin(p )]

By = B2 B T {%p )cosme)sin(p) + isin(mep ) sin(ip)

+ K8 B, T { Lp Ysin(mp) cos(p) — i cos(mp) cos(p)]
Next, one may ssimplify equations to by using the following identities:

s ) cos(p) = %[— snf(re — 1o )+ sni{# + 1)g)]

[cos((m— 1ip)+ cos{(m+ 1]

o0 [ —

cos(mplcosip) =
sl ) sml@) = - Lcos((m - 1)9) — cos(Gm + 1)9)]

cos(mg sl ) = %[Sin((m = D)+ an(im+ 1g)]

Thusfor the EH ,, modes the transformed electric and magnetic fields are given by:

By = 52F T (Ep)lsin((m + 1)g) — icos((m + 1)9)]

E, = ’E:‘IE Jm+1{ p} [cos{({m + 1)+ ismf{m+ 1]
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B, = 3B Ty (BpY[cos((m+ 1)p) + isin((m + 1)0)]

B, = ’E:':I SRR St {Ep} [sinf(z2 + 1) —icos((m + 1ig)]

This accomplishes the first task. The EH ,, modes have been transformed from a cylindrical coordinate
system to arectangular coordinate system.

Transformation of the HE ,; modes from Cylindrical to Rectangular
Coordinates

Having transformed the EH ,,, modes, the HE ,, modes need to be transformed in order to fashion the LP

modes. In order to transform the fields of the HE ,, modes, one follows the same procedure given for the EH

» modes, and the results are given by

B, = KE T (Lp)[sin((m — 1)p) + ivos((m — 1)p)]
By = —52 F Fy (£} cos((m — 1)p) — isin((m — 1)¢)]
By =528 Joy (%p)[cos((m— 1)0) — isin((m — 1)¢)]

By = ’E:':IE = 1{ p} [sin(me — 1) +icos((m — 1g)],

where the EH ,, and HE ,; transformed components, (equations through ), arevalid inthelimit of y, - 1

and for & -& &,. This accomplishes the second task. The HE ,, modes have been transformed from a
cylindrical coordinate system to arectangular coordinate system. Further, equations through , may be
rewritten in terms of complex exponentials rather than the in aform that uses the sine and cosine function.
Thus, in summary, replacing the sines and cosines by their complex exponential representation yields:

-E.:-: = ;E.Elmjm:tl {’%p}gﬂ{mtlj@
-E = —f. Jm:l:l( P}gﬂl:mi:]-:"?

E, = .IE.TfIE jm{'Ep}Esz?
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By = E]'_“-Im:l:l (%P}Eﬂ{mﬂjm
By = FiBy Jui1 (L p Joimtlle

By = i85, g, (Lp)er

where the upper sign isfor the EH ,, » modes and lower signis for the HE , ;, modes respectively.
Superposition of the hybrid modes to form the LP modes
The circularly polarized degenerate modes EH ;, and HE —,,; can be superposed to form a set of linearly

polarized, LP modes. Recall that the transformed electric and magnetic fields for the EH , and HE ,, modes
are given by equations through and the recipe for transforming to the LP modes will now be given. Write the

transverse electric field components of the EH ., and HE ;, modes (with analogous expressions for the
transverse magnetic field components omitted for brevity)

B, = —iELJm+1 [%p ]E;'I:m+1 I

EH .
By = ~EL T (2p)"
E, = _|_3'E;1J'm_1 ( %P J2 =1l
HE ;

E, = —E;ljm—l (Zp ]g_"(’”‘l I

where one has defined the undetermined constant amplitudes = ; for the EH ,,, modes and & ;1 for the HE ,,

modes. Next, using the fact that the EH ,,, modes are degenerate with the HE —;; modes, and using a
reoccurrence relation for Bessel functions, Jo—1 = (—13™J41, one one can write the transverse

electric field components of the HE —,;, modes as (with analogous expressions for the transverse magnetic
field components omitted for brevity)

By = —i(= 1) E T (£ p)etmro
HE

-

By = +{—1)"E Ty (2 p)eitmtl0

def
Next, absorbing the factors of {(—1)™ into the amplitude E;I by defining (—1)™& = EL oneisableto

form linear combinations of modes with the same azimuthal variation, # by additions and subtractions of
various transverse field components. Thus one can define the linearly polarized modes as
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£ def
ey = L{EH, +HE )}

Now, using equation with the upper sign, one can form the electric and magnetic fields of the LP * modes by
superposing the appropriate electric and magnetic fields of the degenerate hybrid HE —,, and EH ,,, modes

with the same azimuthal variation, and thus the same propagation constant, k.

1 ; ifm
By = = (E:-:lfHE_mJl t+ Ex{fﬂm}) = 8w {%P}EE rhe
g - 1(z +E )-o
> o\ (HE_ ) »(EE )
1 i
Er= (EE{HE_I“} + Ex{ﬁ'ﬂm]l) = S EIm{Gp ) cosmy
B, - 1z + B )=o
&7 S\ TR(HE_) A(EH
1 _ i ifmtl
8y = E(‘B_}-{H.E_mjl +By{£ﬂm)) = 18w {EF’}EE ?
1 k -
By = = (BE{HE_NJ t Bx{.ﬁ'ﬂm]l) = TFEme {%P} SRy
Now one can form the electric and magnetic fields of the LP * modes by superposing the appropriate electric

and magnetic fields of the degenerate hybrid HE -, and EH ,,; modes with the same azimuthal variation,

and thus the same propagation constant, &, by using equation with the lower sign

.E_:-; = 2 = I:]
Iy Iy
I HE FIEH i
E.l' { ) z { - Emjm-l-l {%P}E (mtlio
g + &
HE s EH
Ey = { ) 5 A, = —E%Emim{%p} St A2
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5 + &
2 HE_ s EH _
By = 5 ) _ z’ggf Emjm{%}?} COS M.

Next, one may notice that the LP * contain #2 + 1 and the LP * modes contain #2 — 1. To simplify the
notation for the LP modes define / = # + 1 fortheLP “ and { = # — 1 for the LP *.

The index for the various LP modes can assume al values { = (1. For example, choosing the upper signin
the definition of /, for / = 0, #2 = +1, and the LP ;1 modesis thus called the fundamental mode, while for
{ = () the modes are called higher order. Next, one may ask where arethe # = (I TE/TM modes? For

# = [ thisgives{ = 1 and the TE/TM modes are thus not fundamental modes, but actually are higher order
modes. To see thiswhat thisimplies, recall that the propagation constants, i; are obtained from equation .

The values of i; (the zeros of the Bessel function) increase for increasing values of the index /. This

produces for an x-ray incident with wave vector %, a smaller magnitude for the longitudinal wave vector i;.
Since the energy carried in the mode is proportional to the longitudinal wave vector, this gives lower order
modes alower energy. In other words the fundamental mode is the mode in the lowest energy state and
higher order modes are consequently in higher energy states.

To summarize, the electric and magnetic fields associated with these LP ; modes have the following form

' .
B, = —iE_Ji(Zp)e™®
£, =0
. He = B Jr(gplces(i= 1y
Ley < >
B, =10
By = —iE, Ji(Zp)e'®
B =E _J(Zpiamli— g )

S

while the electric and magnetic fields associated with these LP ’; modes have the following form
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E,=10
By = —E, Ji(2p)e™
Hy = =B S (Sp)sm(i+ 1y
By = —E_Ji(Zple™
By, =10
By =18 J(Zpicos(i+ g )

s

Next, one may notice that the the LP modes form a degenerate set. The LP ; modes are simply a #0°

rotation of the LP? modes. Thusthe LP }‘ modes look like
B, = =B Ji{Lp)e™
By = —iF i {£p)e'e
By = By dm (Ep)cosi+ g
By = By Jim (Ep)sinfi+ 1o

while the LP? modes are thus

Hy = _Emjf{gp}eﬂm
By = —E 0 {%p)eh
By = iF Jr {(£p)sinl- 1)g
By = iBy 0 (Ep) cosi- 1)y

The electric field patterns associated with an LP mode, say the LP f; mode are shown in the following
section.

LP Mode Electric Field Patterns

In the accompanying figures the first few of the low order LP ;,, modes are shown, where p represents the p

* zero of J iiz). Therea part of the electric field for one combination of the LP ;,, modes, namely the »-

polarized LP ’}’ . modes, is plotted according to equation, (the other set of fields, equation is simply the same

as equation , rotated by 90°.) In the following the magnetic fields are omitted for clarity as well as the z-
components of the electric and magnetic fields.
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Plot of the electric field in the LP ’E,,l mode in an x-ray waveguide. The electric field vectors are obtained

by taking the real part of the complex electric field of the associated LP JIIII,l mode. Thereal part of the

electricfield follows &, Ji{ = picesip = B, Jo(Zp) and the plot is for a waveguide whose radius has
been normalized to 1.

'-Pnz M ode

Plot of the electric field in the LP o2 mode in an x-ray waveguide. The electric field vectors are obtained

by taking the real part of the complex electric field of the associated LP ’1,:’,,2 mode. Thereal part of the

electricfield follows &, /(= picosip = . Jo{Zp) and the plot is for awaveguide whose radius has
been normalized to 1..
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Plot of the electric field in the LP 3 mode in an x-ray waveguide. The electric field vectors are obtained

by taking the real part of the complex electric field of the associated LP ’E,j mode. Thereal part of the

electricfield follows &, Jf;( = picosip = . Jo{Zp) and the plot is for awaveguide whose radius has
been normalized to 1.

LF,; ok
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Plot of the electric field inthe LP ;.1 mode in an x-ray waveguide. The electric field vectors are obtained

by taking the real part of the complex electric field of the associated LP J{,l mode. Thereal part of the

electricfield follows &, J;( S picosip = B JS1{ S p)cos @ and the plot is for awaveguide whose radius
has been normalized to 1.

LF'Em-:u:Ie

Plot of the electric field in the LP 1 2 mode in an x-ray waveguide. The electric field vectors are obtained

by taking the real part of the complex electric field of the associated LP J{,E mode. Thereal part of the

electricfield follows &, Ji( = picosiyp = B, J1(Zp)cos @ and the plot is for a waveguide whose radius
has been normalized to 1.
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LF‘21 mode

Plot of the electric field inthe LP 3.1 mode in an x-ray waveguide. The electric field vectors are obtained

by taking the real part of the complex electric field of the associated LP ’5,1 mode. Thereal part of the

electricfield follows #,_ Jf;( S picosip = B Ja{Zp)cosZyp and the plot is for awaveguide whose
radius has been normalized to 1.

In the following figures the real part of the electric field is plotted for various LP}J » modes. Recall that the y-
polarized electric field is given by equation and the associated real part is obtained by taking

Re(&y) oo Re{-Ji(Lp)e™ ) oc —Ji{ Lp)coslp. Infigure 3.8, for example, notice that the field is that
of an y-polarized LP p1 mode, whose real part of the electric field in the y-direction is proportional to

—Jo{Z ). Thereal part of the electric field follows a Bessel function in the radial direction and hasa
maximum at the center of the guide and decreases to a small value at the glass boundary. Around the axis of

the guide the mode follows a cosine pattern, given by cos{ip). Here, { = U and cos({p) = 1, thusthe
magnitude of the electric field around the axis of the waveguide is constant in the y-direction for agiven

radius, p, from the center of the waveguide. Further the electric field decreases from its maximum value to
nearly zero along any radial direction as described by the Bessel function.
Next one could ask where the energy is contained in the waveguide. Since the energy carried by an x-ray is

proportional to the square of the electric field, examination of figure 3.8 for the LP ;1 mode, shows that the
energy ismost nearly contained along the axis of the waveguide. As one moves toward the outer edges of

the waveguide the energy flowing there decreases. Since the electric field, which is proportional to /(< 2
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decreases, thus the energy contained near the edges of the waveguide is very small.
Figures 3.9 and 3.10 show aLP pz andaLP  ; mode respectively. These figures show patterns similar to

those of figure 3.8 Again the electric fields vary as —J/n{ < ) in the radial direction and in the azimuthal
direction for agiven radius from the origin, the electric field is constant in magnitude. Further the electric
field oscillates from the center of the waveguide toward the glass boundary. Thus the energy contained in
the waveguide is most nearly contained close to the axis of the waveguide and decreases as one moves along
any radial direction toward the glass boundary.

In figures 3.11 and 3.12 the the electric and magnetic field variation is with the cosine of » while figure 3.13

varieswith cosine 2. Further the fields vary in the radial direction asa Bessel function, —f;( < o, and the
electric fields increase from zero to a maximum halfway from center of the waveguide and then decreases
back to zero along any radial direction described by the Bessel function. In figure 3.11, for example, most of
the energy is flowing where the electric field is a maximum, which by inspection, occurs roughly halfway
between the center and glass capillary walls of the waveguide. Similar features can be seen in figures 3.11
and 3.12.

Further, not shown in the figures are places where the electric field vanishes. These places are called nodes.
One set of nodes are radial and are given where the radial variation of the field vanishes. These radial nodes

described by J;( = ) = 0, arefixed. The other set of nodes are obtained from where the azimuthal variation

of the electric fields (o3 fg) vanishes and these rotate in time around the z-axis of the waveguide.
Although it cannot be seen in figures 3.8 through 3.13, the radial solution does not vanish at the vacuum-
glass boundary. In the glass the electric and magnetic fields are described by a modified Bessel function and
the fields exponentially tail-off.

Photoelectric Absorption of the LP ; Modes Along the

Waveguide
The photoel ectric absorption of awaveguide mode asit travels down the guide is due mainly to penetration

of the mode into the glass. Modes for which & =& £, penetrate less and thus experience | ess absorption.

Absorption coefficients are calculated from the imaginary part of the longitudinal wave vector, &z. Since the
susceptibility has both areal and an imaginary component given by

Yo = ¥rti¥s,
¥ becomes
Vo= ak =y, —ix; = ak [~y 01 +1‘5]i‘

where & is defined as
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Next using the definition for 3 (equation ) with the condition that ke (= %) must be real, one can write:

ﬂ%{”bf—”h}"’ 2t 2 (gt )+ {ai:2 kz}+23{£: i ]—

Since k* (= ‘;’—: ) must be real, the imaginary part of equation must vanish identically. Thus

j—éiubusﬁ] + Zilknkn) =0,
o,

g = _ 1 — iy

a® ko
For modesinwhich & - &, recall that &; for the LP ;,, modes are given by equation and the imaginary

part of &;,,, Im#;, = 4, ;, isthenfor the LP ;,, modes:

G .= Yip { 7=
ip.i 5 VE .

Since ¥, istypicaly larger than ¥;, & issmall. Thus equation may be approximated by:

v~ ak (14 L8).

Therefore, the imaginary part of the longitudinal wave vector can be written:

2
k= —LBb o My X

B =
a® ko ’ 2(12.5.':3? Frk

where & has been replaced by its definition, equation . Furthermore equation , with R ¥, becomes for

I i85 E_”ﬁ(i)
. 2\ P2+ 02 2 AT )

If one further approximates ik = & which isapproximately valid for small ¥, and further recalling that

the LP ;, modes:

My = ak ¥, oneobtainsfor the LP ;,, modes:

fog 2 ko2 X¥i _ k¥ ¥ip

Defining the effective linear absorption coefficient for glassto be it = £y, and since u;,, = Zkg, one
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obtains the effective linear absorption coefficient for each mode for & - &.,:

uf‘
_ L 2
Hip = Zkg = “_f .

The ;_.:;. 5 that appear in equation depend on the x-ray energy. For Cu K, x rays with an energy of 8 keV in

borosilicate glass, pt, =72.16 cm™t, while for oxygen X rays with an energy of 522 eV, i, =9331.4 cm

1. Sincethe X-ray intensity varies as ¢, where ¢ is the penetration depth in the material, the % decay

length is the distance that the x ray travels before before its intensity decreases by a factor of % This decay

length is proportional to i which is simply IE The effective linear absorption coefficients (in m'l) and

the % decay lengths (in m) for several modes of Cu K, X raysin a5 micron waveguide are calculated in the

tables 3.4 and 3.4 above (while for O x rays the effective linear absorption coefficients and % decay lengths
in a5 micron waveguide are given in tables 3.6 and 3.7 respectively, below.)
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i=1 |15x10% |51x10™* [1.1x107"

=2 |27x107 |73x107 |14x107
\caption{ Effective linear absorption coefficients (in m{-1} ) for copper x rays.\label{ key}}
L |1 2 A

o_|eser |37 |1299

1 || BEEY 1961 902

2 3704 1270 714
\caption{ (1/e) decay lengths (in m) for the copper x rays.\label{ key} }
Hip p=1 p =2 p=73

I=0 [77x107 |41x10% |10x107

I=1 [20x10% |65x107% [14x107




Doctoral Thesis Scott LaBrake.htm

i=2 H 3.5x 107 H 9.4 x 1072 ” 1.8x 107 H
\captior{ Effective linear absorption coefficients (in m{-1} ) for oxygen x rays.\label{ key}}

L |1 2 3

0 (130 (25 |10

1 |51 15 |7

2 29 11 &
\caption{ (1/e) decay lengths (in m) for oxygen x rays.\label{ key} }

Let's consider for example, the LPz 1 mode for the Cu K, X rays. The % decay length for the LP2 1 mode,
from table 3.6, is approximately 3700 meters. Thisis avery large propagation distance for the x-ray to
travel. This striking result is probably not arealizable result in a practical x-ray waveguide. Further, equation

has p:;,, proportional to ﬂ% for awaveguide of radius a. This could be a potentially dangerous result. The

waveguides would need to be very narrow in order for waveguide effects to be relevant. These large
propagation distances are most likely due to the low order modes being contained almost entirely within the
waveguide, and thus the low order modes experiences very little penetration into the glass. Asthe mode
number increases, so too do the absorptive losses of the x-ray to the glass capillary walls. The x rays strike
the glasswalls at larger angles and thus are more likely to be absorbed by the glass capillary.

Another important energy |oss mechanism that the x-ray experiencesis|loss due to rough surfaces. Thusfar,
the waveguide has been assumed to be perfectly smooth. In areal x-ray waveguide, the walls of the
waveguide are most likely going to be rather rough. The effects of surface roughness on the propagation of
the x-ray needs to be studied and will be revisited in chapter 6 where amodel for surface roughness will be

- 1 .
proposed. Chapter 6 will incorporate the effects of surface roughness effects and new - decay lengths will

be calculated and compared to the %decay lengths cal culated above.

Conclusion

For the circular dielectric waveguide, the modes were obtained by solving Maxwell's equations. The
transverse fields were expressed in terms of the longitudinal fields and wave equations for the longitudinal
electric and magnetic fields were solved by separation of variables. Next boundary conditions on the wave

function solutions were imposed and the characteristic equation for the modes was derived. For the #z = [
case the modes were found to exhibit properties of the TE and TM. The modes (# # () are neither TE or

TM but are termed hybrid and denoted by EH ,,, and HE ,,,.

The propagating modes were obtained by solving Maxwell's equations. Thus, polarization effects are fully
taken into account. The transverse fields were expressed in terms of the longitudinal fields and wave
equations for the longitudinal electric and magnetic fields were solved by separation of variables. Next
boundary conditions on the wave function solutions were imposed and the characteristic equation for the
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modes was derived.
In the limit that ¥, is much smaller than unity, the hybrid EH ,, and HE ,, modes were found to obey the
same characteristic equation for the change of indices # — —#2. This degeneracy was exploited and used to
superpose the hybrid circular modes to form a set of nearly linearly polarized or LP ; modes. There were
found two sets of LP modes denoted respectively LP * and LP *. Only the LP * modes were investigated
since the LP * modes are simply a 90" rotation of the LP * modes. One could associate with the modes an
orbital angular momentum (the ¢-dependence of the electric and magnetic fields) and a spin. The modes

have atotal angular momentum of #:. Theright or left circular polarization (the rotation of the electric fields
at agiven point in space) is associated with the helicity or spin of the photons. Spin isusually associated
with quantum mechanics. Here one has a purely classical example that involves spin.

Thereal part of the electric field for various LP ’1; modes was plotted for awaveguide of an arbitrary radius.

For the low order LP o, family of modes it was found that the energy flow was at the center of the
waveguide and decreased as one moved from the center of the waveguide toward the glass boundary along

any radial direction. For the higher order modes, { = 0, it was found that the energy flow was not near the
center of the waveguide. It was found by inspection that most of the energy was flowing at increasing radial
distances from the center of the waveguide and ultimately decreased as one approached the glass boundary
along any radial direction.

There are two energy loss mechanisms that the x-ray experiences. Photoel ectric absorption effects were
investigated and losses due to photoel ectric absorption were calculated. This was done by calculating the
imaginary part of the dielectric susceptibility. The imaginary part of the wave vector was then calculated and

used to calculate the % decay lengths for the x rays as they travel down the fiber. It was found that the

lowest order modes (the LP 1 ;) propagate on the order of 10 kilometers for higher energy x rays, while for
lower energy x rays the propagation distances were on the order of hundreds of meters. While these
propagation distances may be a shocking result, in practical x-ray fibersthisis probably not arealizable
feature.

The second energy 1oss mechanism is due to surface roughness. It has been assumed thus far that the glass
capillary fibers have perfectly smooth walls. A more realistic treatment of the x-ray capillary needsto
include losses to the x-ray energy from the x-ray striking arough glass surface. A model of surface

roughness needs to be developed (chapter 6) and new % decay lengths for the x rays as they travel down the
fiber need to be calculated and compared to the results stated above.

Excitation at the Waveguide Entrance

Introduction
Having derived and cal culated the modes that can propagate along the waveguide, one wants in this chapter
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to investigate the extent to which the various modes are excited by an externally incident plane wave. In
particular, oneisinterested in finding under what conditions can one selectively excite a subset of the
modes, or perhaps a single mode. This amounts to coupling at the waveguide entrance the incident plane

wave, directed at an arbitrary angle of incidence, to the launching of the LP ; field modes that propagatein
the waveguide. In order to accomplish the task coupling the plane wave incident at the waveguide entrance

and the LP ; modes launched, the modes must be first normalized.

Normalization of the Incident Plane Wave and the LP; Modes

Normalization of the Incident Plane Wave

In order to couple the incident plane to the modes launched at the waveguide entrance the plane wave
solutions as well as the electric and magnetic fields that describe the modes need to be normalized. For the
plane wave in free space, one can assume the electric and magnetic fields are given by:

B ) = B
Ere) = BT

Forsmall &, ky = kcosf = k (= £), B = €, B, B=¢,Ey) = nx E, where€ , €, and # are three
mutually perpendicular unit vectors and &, is a constant. The time averaged flux of energy is given by the
Poynting vector .= and may be written as:

— — _ L — — —a-* —

SF) = & RE[E[F] x B*(F) ]
which can be simplified, in the case of a plane wave, by using equations and , to read:

2
2.

S-Sk = £ |5,

To fix the constant &, one imposes a normalization condition. Here, the normalization condition is chosen

such that the flow of energy is 1 photon of energy ka per unit timeinto the area za’ of the capillary.
Performing the normalization for the incident plane wave produces,

1

photon
SEC

- _, - 2r pa N -
=_[S':?']'if = %jn ID é:—H|ED|2H-c£ﬂ= Lc|£:',:,| Ta® cosf.

Since for small angles &, cos & ~ 1, equation yields,

C'iIE
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The incident plane wave energy density, given by the Poynting vector, is

S= S5 = B §

I'TfI

Normalization of the LP } Mode Solutions

This section describes the normalization procedure for the LP ; modes. One needs only to consider the LP ’;
polarizations of the modes since the analysis of the LP ; polarizations is analogous. Thusin what follows,

the superscript ¥ of the LP mode polarization will be omitted. Up to now, there has been an overall constant

that describes the amplitude of the modes, Z_ . To fix this constant, one also normalizes the LP ; mode

fieldsfor the LP ; modes, equation , can be ssimplified to

Performing the normalization for the LP ; modes over the aperture of the waveguide gives.

Eo= (o 1
oot I*'?I+1,L,'::'':HI,L,':J:'

Excitation by an Externally Directed Plane Wave at the
Waveguide Entrance

Having the electric and magnetic fields of the LP ; modes normalized, one may now calculate the excitations
of the waveguide modes by directing, at some angle & with respect to the normal to the waveguide entrance,
an externally directed plane wave of frequency . The extent to which various modes are excited will be
investigated as a function of the incident angle &.

Hereit is assumed that the only portion of the incident plane wave that contributes to the LP ; mode's
excitation will be that which isincident on the waveguide aperture. Since the susceptibility is small (

¥~ 1 El'j), the contribution of the portion incident on the glass can therefore be neglected. Without |oss of
generality, one may assume that the incident plane wave liesin the y — z plane, (%, = 0, and where the

waveguide opening istakento be at z = (1. In other words,
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Ene"(‘%—’:—”’j = B otttk Bﬁr:zu pilhp—ut)
ook

where &, has been replaced by equation .
Recall that the electromagnetic boundary conditions used in chapter 3 were that the tangential components

— — —

of & and & (along with the normal components of . and &) must be continuous across the boundary. This
requirement gives the tangential componentsof £ = &3 and & | = £ for non-magnetic media, while

the normal components aregivenas 2, = {1+ y, 15z and &, = B;z. Atthez = 0 boundary there will
be both areflected as well as atransmitted wave. The transmitted wave will be that used to excite the

various LP modes. Since the susceptibly issmall (x ~ 1[]"5) the reflected waves at the boundary as well as
the evanescent waves in the glass are negligible hence will be neglected in the present study. In other words
the modes will propagate with nearly the same propagation constant as the plane wave.

In order to determine the extent to which various LP modes are excited, one sets the electric field of the
incident plane wave equal to the sum of the linearly polarized modes wavefunctions weighted by their

respective excitation coefficients, C;,,, at z = [I. Equating electric field of the incident plane wave to the
electric field of the linearly polarized modes launched the waveguide entrance, produces:

BRa me Bhao iXpsing _ C-' EIJJ —
|| gME = (2D, = =
If-'liI2 lf-'liI2 § P

L] .
Z o .]:ECI'_; 1 CLP"’FIJ’ (TJ’P)EZIE),
T Vea® Jupli,)

def :
where 17 = k,a = ka sinf for the plane wave incident at angle 2, and the excitation coefficients need to
be extracted. The left hand side of equation can be expanded in a Bessel Series. From Arfken,

piAsing — Z .J-'rj- {;{]g’fm_

I

Therefore, one has

ﬂ% ;.Z r (gp)eﬂ'@ ) Z Z 2(1‘ if”" Js+11(m:' )Cj“pjj’p (H%P)Eﬂm'

J—co p—co

The excitation of aLP ; mode is defined as the square of the coefficients ;.. To extract the excitation

coefficients one multiplies the right and left hand sides (denoted by RHS and LHS respectively) of equation
by the complex conjugate and integrates over the cross sectional area of the waveguide. This produces for
the right hand side of equation,
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_ ||.]:E i
K = 2 . I*'-Ir1'+1,t,'::'':HI,L,':J:' ZCI&I jj,p( ] )J}(

Theintegral over ¢ gives 2rd; ;. Equation now may be expressed as &fter performing the integral over p,

RHS = 2ng® (22 1.2
T ca® Jw1 (1) Ve (1)

In asimilar manner after some algebra, produces for the left hand side:

|
LHS = 2ma” fgﬁﬂ; j Si(igr S (e e,
cas 40

where 5 = p. Equating the LHS and the RHS (equations and ) one obtains an equation for the excitation

27
)Pdp ID E!{f—!‘ }'I'_

coefficients Cy,:

Crp = —j T ey, rrdr.
il p(p )

For Cu K, x-rays, the excitation coefficients in equation is computed for input angles & ranging from -50
urad to 50 prad, and the excitation, C'E,p, isplotted in the figures 4.1 and 4.2 below. These figures

demonstrate the extent to which the LP ; modes may be preferentially excited by the incident plane wave.

For example, for Cu K, X rays, with an energy of 8 keV, incident at an angle of [ pirad, one can see that
from figure 4.1, about 70% of the wave will appear inthe LP ; ; mode, 13% of the wave will appear in the

LP 2 mode, 6% of the wave will appear in the LP n 5 mode, 3% of the wave will appear inthe LP g4

mode, and 1% of the wave will appear inthe LP 5 mode.
In terms of the flow of energy along the longitudinal axis of the waveguide, the majority of energy flow for

the LP o, family of modesis contained near the center of the waveguide. The energy flow can be

calculated, as afunction of waveguide radius, by evaluating equation . Since the energy flow is given by the
Poynting vector, equation , is proportional to the square of the electric field, and thus where the electric field
islarger, more energy will be flowing. Figures 3.8 through 3.10 corroborate this result, namely that most of

the energy in the LP , family of modesis flowing along the longitudinal axis of the waveguide for small

values of . Asone movestoward larger radii, the electric field vectors are smaller and thus the energy
flowing at these larger radii is smaller.

At exactly 0 prad none of the higher / modes will be excited by the incident plane wave. To excite the
higher order modes, one needs to change the angle of incidence of the incident plane wave. From figures 4.1
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and 4.2, at say an angle of incidence of 5 urad, the energy contained in the modes is shared primarily

between the LP o1 mode and the higher order LP 1 1, LP 12, and LP ; 3 modes. Again, most of the energy
carried in these LP modes finds itself flowing again near the center of the waveguide. As one moves to the
outer edges, the higher modes have alower excitation and the energy these modes carries decreases rapidly.
This can be corroborated by examining figures 3.11 through 3.13.

Of course, one does not have to use Cu K, x rays. In figure 4.3 the x-ray energy is varied as a function of

input angle. In this figure, the excitation of the fundamental LP .1 mode is plotted versus input angle for
various x-ray energies ranging from 0.5 keV (soft x-rays) to 8 keV (hard x-rays). The x-ray energy enters the

calculation of the excitation |C°; ., |2 through the dimensionless parameter, 17 = ka sinf. By changing the
wave vector &, onein essence changes the x-ray energy. Here one finds that the individual excitations of the
modes remain unchanged. In other words, the LP .1 mode has an excitation of approximately 70%

independent of the x-ray energy used to excitethe LP 5,1 mode. However, thereis alarger input angle cone
as the energy of the x-ray is lowered because the critical angle, which isinversely proportional to the x-ray
energy (see for example equations and ), is much larger. Thus for lower energy X rays, incident at an angle

&, the input cone is much larger. This larger input cone produces the broad spreading of the excitation curve
for lower energy x rays and the narrow excitation curve for higher energy x rays.
Next one could ask, how many modes can be excited at a given angle of incidence? In order to answer this

question, one can plot, for example, several of the lowest order family of modes, the LP ;, modes versus
input angle as shown in figure 4.4 below.
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Excitation

f’kfu 1

40

Input Angle {prad)

Excitation of the zeroth order linearly polarized modesLP 1, LP gz, LP n3. LP g4, and LP g5 versus

input anglein pradians. The excitations are |C'n |2 from equation .
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Excitation
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Excitation of the first order linearly polarized modesLP 11, LP 12, and LP 1 5 versusinput anglein

pradians. The excitations are |1 |2 from equation .
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Plot of the excitation of aLLP ; mode versus input anglein pradiansfor Cu K, x rays. Thisplot is used to
determine the approximate number of modes that propagate at a given input angle. It should be noted here
that exept for the horizontal scale this plot isvalid for any energy x-ray.

Examination of figure 4.4 shows that at an angle 0 pradians, the x rays are shot directly down the center of
the waveguide. Here, for example, one can excite with an excitation greater than 1%, 6 modes, namely LP

n,1 through LP pg. However, no x-ray source is perfectly collimated. There will be some angular divergence
inherent in the x-ray beam. Thus some mode mixing is bound to happen. As one can see from examining

figure 4.4, at say an angle of 5 microradians, the LP ) mode is excited with a probability of about 40%, the
LP 1,1 mode is excited with a probability of about 15%, the LP 2 and LP ; 2 modes are excited with

almost equal probabilities, namely 3%, along with some higher order modes, namely those of the LP 2 ,,
family.

Conclusion

The excitation of various LP modes that were excited by an external incident plane wave were calculated. In
order to calculate the excitation, the LP modes and incident plane wave were normalized to an flux of energy

photon
seC

of 1 Into the cross sectional area of the waveguide.

The x-ray energy was varied for the lowest order, LP g1 mode. Here it was found that the excitation of the

LP 1 modeis 70% and is independent of the x-ray energy. Since the critical angle increases with
decreasing x-ray energy, one finds for soft x rays the input angle cone is larger than the input angle cone for
hard x rays.

The number of modes that are excited was also investigated for the case of the lowest order LP 1, modes. It
was found that for an arbitrary value of the excitation, namely greater than 1%, 6 modes propagate at exactly

0 pradians. At increasing angles of incidence higher order modes are also excited and thus propagate down
the waveguide. In this thesis the x-ray beam is highly collimated and in practice the x-ray beam has an
angular divergence and some mode mixing is bound to occur.

Diffraction at the Waveguide Exit: A New
Approach to Vector Diffraction Theory

Introduction

Having launched modes into the waveguide, one is interested in how those modes that reach the waveguide
end couple to the outside world. This amounts to calculating the diffraction pattern produced on a " detector”
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at apoint P far from the waveguide. The diffraction pattern, which is a Fraunhofer diffraction pattern, is
similar to that of adiffraction pattern produced by a plane wave incident on a circular aperture. The
calculation of the vector diffracted fields based on the vector analogue of the Kirchhoff diffraction formula
iIsvery difficult in al but the smplest geometries. This difficulty has induced one to seek an alternative
approach to diffraction. The approach used in this chapter follows alogic similar to the asymptotic
reciprocity theorem (ART) to calculate the diffracted fields.

The usual form of the principle of reciprocity states that everything else being equal, the amplitude of a
wave at some point A due to a source located at another point B is equal to the amplitude of awave at point
B due to a source located at a point A. In other words there is a symmetry between the source and field
points. In terms of waveguide terminology, reciprocity can be stated in the following manner: the diffracted
fields produced on a detector at apoint P due to a source located at the waveguide exit will be equal to the
amplitudes of the fields at the waveguide exit due to a source located at the point P. The drawback is that the
usual form of the reciprocity theorem refers to the exchange between the source and field points. In other
words, usually one has a source of spherical waves, perhaps in amedium, and oneis interested in the fields
at some distance far away from the source where at these far distances the fields are typically plane wave.
The result Caticha [Caticha] obtainsis an asymptotic form of the reciprocity theorem that gives the
asymptotic radiation fields directly in terms of the source. The approach taken here (section 5.2) allows
computation of the asymptotic diffracted fields directly in terms of the fields at the exit opening of the
waveguide. The sourceis effectively being replaced by the fields at the waveguide exit. The net result isa
formalism that is equivalent to the Kirchhoff vector diffraction formula and is considerably more convenient
because it is better suited to plane wave geometry.

As afirst pedagogica example one calculates the diffracted fields for awell known case, namely that of a
plane wave incident on a circular aperture (section 5.3). The result for the diffracted fields due to a plane
wave incident on acircular aperture will coincide with the well known result given in, for example, Jackson.
Thisisavery aremarkable result. Historically, calculations involving standard vector diffraction has been
very labor intensive and difficult to apply in al but afew specia circumstances. The ART reproduces the
classic far field results for vector diffraction of a plane wave by acircular aperture in just a couple of lines of
calculations rather than pages of calculations using standard vector diffraction theory. Being able to
reproduce these results using the asymptotic reciprocity theorem, as opposed to the standard vector theory of
diffraction used in Jackson or Born and Wolf, provides anew and very powerful techniques for calculating
the far field diffracted fields. The asymptotic reciprocity theorem provides a clean and easy to follow recipe
for calculating these diffracted fields for the classic textbook cases as well as for calculating diffracted fields
for highly non-trivial fieldsin arbitrarily shaped guiding structures and geometries, such Bessel waves
incident in cylindrical waveguides.

Derivation of the Asymptotic Reciprocity Theorem

The reciprocity theorem in physics states that under optimized conditions, the power flow from awave a a
point A dueto asource at apoint B is equal to the power flow at B due to asource at A. Reciprocity
theorems find their way into all sorts of fields of physics. In electrodynamics, reciprocity is usually
attributed to Lorentz who made extensive use of it in studying antennae. In this thesis the reciprocity
theorem will be used to study vector x-ray diffraction from the end of a waveguide.

Starting from Maxwell's equations

%x.§=ﬂ:;_rﬁ'
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VxH=ikD+ 2],

where £ = =. Equations and govern the fields generated by the sources /. The method relies on introducing

the auxiliary fields called connecting fields generated by the sources .7, and are found in an analogous way
from Maxwell's equations

%x £, zﬁ:,uHﬂ

VX H, = ik, + i3,

The source . generates the fields & and & and a source J,; of the same frequency givesrise to thefields £,

and ;_é'ﬂ. Next use the identity
Ve(ExH)=H - (VxE)-E-(VxH.).

SmceﬂI = EE and H .5’ (for non-magnetic media, 1 = 1), insertion of equations and into equation
yields:

— JE—

Ve(ExH) =itH, - H-ikeE B, - ZE.J,

Rearranging equation exploiting the commutativity of the dot product, one obtains:

—_

4%3'}.: +%' (EKJ_%.:) = ikﬁ'gc—ikﬁéc'g.

A similar treatment of ¥ = (Ec X H) gives

Y — — —_ = — —

WE. - J+V- (B xH) = ikB+Be - ikeE. - E
Subtracting equations and produces the reciprocity theorem in differential form:

(B J-E-J) = V-(ExH. - E. xH)
Integrating equation over alarge volume V bounded by a surface S, one can express the reciprocity theorem
in integral form. It follows that

4| (B.-F-BR)ar=| §.(BxE-EoxB)ar,

and by the divergence theorem, the right hand side of equation may be transformed to an integral over the
surface S which bounds the volume V. Therefore,

| (B.-3-E-T)av- §V - (ExH -F, xH)-haa,
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where # isaunit vector normal to a patch of surface area described by 24, such that #cd = s,

The LP ; Modes at the Waveguide Exit and Vector Diffraction
Theory

Having excited modes and propagated them down the waveguide, one will now study how the modes leave
the waveguide and couple to the outside world. This amounts to cal culating the diffraction pattern produced
on a"detector" far from the waveguide. The diffraction pattern, is a Fraunhoffer diffraction pattern, similar
to the diffraction pattern produced by a plane wave incident on a circular aperture. Knowing the electric
field at the exit of the waveguide and using the asymptotic reciprocity theorem (ART) derived in section 5.2,
equation , the diffracted fields will be calculated. The intensity of radiation for a plane wave incident on the
waveguide exit will also be calculated using the asymptotic reciprocity theorem and compared to the well
known result given in such texts as Jackson [Jackson], Arfken [Arfken], or Born and Wolf [Born and Wolf].
Being able to reproduce these results using the asymptotic reciprocity theorem, as opposed to the classic
vector theory of diffraction used by Jackson, Arfken, and Born and Wolf, provides a new and very powerful
techniques for calculating the vector diffraction fields at a distant point on a detector. The vector theory of
diffraction is very difficult to apply in all but afew specialized circumstances. The asymptotic reciprocity
theorem provides a clean and easy to follow recipe for calculating these diffracted fields.

Recalling that the asymptotic reciprocity theorem is given by ,

| (BxH-BxE)-di- 4 (5. --5-3.)ar

For source freeregions, J/ = (1, and thus the right hand side of equation vanishes. Thus the ART becomes:

_E;x:%ﬂ—éﬂx:% cds =10,
J )

Consider asurface S. Let the length, from z = [, to the detector be given as /. — o2 (with {,, being the
length of the waveguide and where £, = {,.) Let the surface S; belocated at the waveguide exit, surface S

2 belocated at adistance &, — == away from the waveguide entrance, and the remaining surfaces (shown in
dashed lines) be surfaces at infinity as shown in figure 5.1.
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L

The surfaces S (at the waveguide exit) and Sz (at infinity) used to calculate the Fraunhoffer diffracted

fields at a detector at adistance £, — = from the waveguide exit. The waveguide has alength {,, - 1, and

at the waveguide exit are superpositions of LP mode fields. The connecting fields (&) are used determine
the diffracted fields through equation .

The diffracted fields will propagate in the forward direction in space. The remaining surfaces will see azero
net power flow. Since the plane wave has a some spacial extent these other surfaces are located at infinity
and there is no net flow of energy through them. The integral equation may be split into two pieces, one over

S; and oneover Sz. Thus,

-[5’1 (_E;x:%ﬂ —Eﬂxﬁ) -ds = —L} (E,;x:%ﬂ—iﬂ x:%,f) - o,

Letting & be the electric field at the waveguide exit, that is, one (or a superposition) of the LP ;,, modes and

F ; bethe diffracted electric field that needs to be calculated. Further, one lets Z.. be the connecting field

that will be used to connect the electric field at the waveguide exit to the diffracted electric field at . — o=,
The choice of the connecting field is dictated purely by convenience. A good choice for the connecting field

is a plane wave of unit amplitude and wave vector . where k. (the z-component of the connecting field
wave vector) is negative. Thus one has for the connecting field,
B, = 8,2 u

E

and without loss of generality, let the connecting field wave vector liein the y — =z plane. Hence,
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—

ko7 = kgy+ kuz
Next, one expands the connecting field in terms of Bessel functions, since the fields at the waveguide exit
areinterms of the LP ;,, Bessel modes. For ¥ = p=inyg, the connecting field takes on the following form
(evaluating thefield at z = {):

—

n ._" —+ n . . l|:| -
Eﬂ — Eﬂé,z.i;,:-r — Eﬂé,z.i:nfwé,—z:r;l?smm,

where 17 = k4, isadimensionless parameter proportional to &,. Recognizing that 2™ can be
expanded as a Bessel series, one obtains

—

E, = écé'!h:xé'_mésmm = éﬂgilh:jw Z "IT‘J' (Wg)g_w
:
Equation is the form of the connecting field that will be used to calculate the diffracted electric field at the

surface Sz.
The electric field at the waveguide exit is needed in order to calculate the surface integral over the surface S

1 on the left hand side of equation . Recall from equation that the electric field at the waveguide end is given

by asuperposition of LP ;,, modes evaluated at z = {y,:
By = —E, 3 Crpli Ep Yoot
I
The magnetic field at the waveguide exit (as well as the analogous connecting magnetic field) are obtained

from Maxwell's equations. To calculate equation , one can proceed by first noting that ¥ x &, = k5, and

Y xi = iﬂ:jﬂ. Rewriting equation as
-[31 (E_P ® (ﬁxiﬂ)—iﬂ ® (%xﬁy)) -z =
_-[,5’2 (de (_‘F;xﬁﬂ)—i ® (%xﬁd)) - 5y

and from equation ,

—

VxE, = —ikE, 3 Crpi Up Yetoet il
i

Thisalowsoneto express ¥ x &, as, using equation ,

— —

X EH, = iﬁzﬂzuﬂ-(qg)eﬁ%_’kﬂjw 8.
.
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Splitting the left hand side of equation into two parts calling them | ; and | jr respectively, one has
I, - _[S (B, xB.) - d&1,
1
and
IH = _-[,5’1 (E.:: X B;-:) = 5]
Substitution of the expressions for the field at the exit of the waveguide, equation , and the connecting

magnetic field, equation , allows one to express| ; as
I - _[31 ik, B, chj,pjj(%p)gﬂmgzmwz 5 (n2 )e¥oe el |ndpde
j
Correspondingly, | ;; can be expressed as
I = _-[31 ikE, Zhﬁ:?.(qg)g—{;mg_iknjw ; Cgﬁfg(%p)é"we’kfﬁ“ pdpdp.

J
Therefore the left hand side of equation becomes after substitution and integration,

a2 .
[Ty, () n2 o
I
where the ¢ integral has been evaluated using the following

s P+ i
gy — £ U J
ID 8 dp = 4 o tor I

and the fact that &y = —k.;. Thus equation becomes after rewriting pdp = a*rdr, over the exit of the
waveguide

1 e
4?{1‘Em£:c12 ID Z C’gﬁ,ez’k‘a Yo W (e rdr.
i

Returning to equation , the right hand side can now be evaluated. Again, the connecting field is dictated
purely by convenience, so why not choose it to be a superposition of plane waves with unit amplitude at
infinity. Carrying out the necessary algebra and integration in an analogous manner to that described above,
produces for the right hand side of equation

Eikcéc . Ed(_-s:ﬂ) = Elkcéc . Edé'ﬂ:;,
where the only non-vanishing contributions arise only when & = —%,. Equating equations and produces the
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diffracted fields that one was seeking.

— — 1 LA
Ed (—.'E.T.g ) = EHEE.E.T(IE .[D Z EEz.i:i' L Cjapjjliuj.?‘:ljﬂ:ﬁ'?':lﬂf?',
I

where one can recall that &, was evaluated as in equation . This concludes the goal of this section, namely
finding an expression for the amplitude of the diffracted electric field.

Diffraction of a Plane Wave by a Circular Aperture using the
ART

In this section one checks that the ART approach to vector diffraction theory yields results in agreement
with the standard theory. Thus one calcul ates the diffracted fields for a plane wave incident on a circular
aperture.

Consider a plane wave incident on a conducting screen with a circular aperture of radius «. Using standard
vector diffraction theory one arrives at (from Jackson [Jackson] ):

BTG = LV (ﬁxi)%dﬁ,

apertures

where the integration is performed only over the aperture(s) in the screen and & isthe total tangential
electric field in the aperture(s). In performing this integration it is customary to use the approximation that
the exact field in the surface integrals may be replaced by the incident field. Evaluating equation , using
standard vector diffraction theory, one finds:

Ed I:.?":I—Tﬂ ED(EKEE lﬂ:ﬂsmg .

The term % is a spherical wave in free space. It is modified by a constant unit amplitude Z;. The intensity
SVDT |4 Aikesing . . .
1 ‘ Rl e SN where & isthe exit angle that the x-ray makes with

of the diffracted radiation { == ‘E

the normal to the aperture. Lastly the factor G: X &3 ) givesthe direction of the diffracted field.
Next one the diffracted field intensity using the ART approach. Consider the plane wave given by equation

zI{E-?—m:rJI ,

E = Eye

Phaton
seC

where normalization to 1 produces from before, equations for 2 with the flow of energy given by

the Poynting vector, equation . Without loss of generality let &, = [ and |et the aperture be located at

z = (. It follows that the electric field is given as:

— -'i: .
B = Epa™e™¥s,
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and thisisthe form of the electric field used in order to evaluate the left hand side of equation . Again,
choosing the connecting field to be given as a plane wave with unit amplitude £, as shown in equation .

.E.: = .E.:Eﬂikﬂw]léc,
where again without loss of generality, one can assume that &,; = . Thusthe connecting electric field
takes the form

_; . . .
B, = B o g hazlity

Recalling that the left hand side of equation may be split into two parts, callingthem | yand | ;7 inan
analogous fashion to equations and respectively. Performing the necessary curls of the electric field at the
waveguide exit and of the connecting electric field produces the following integral over the exit surface of
the waveguide

a pir _ . :
I = —ikEQE. ID ID g—Ezk,zgzzk,psmmpdpdw,

where the fact that —% .z = &z and —k,, = %, hasbeen used. Theintegralsover g and ¢ produce
w1 (aksnd
I, = —la w B E.a™E 1 (e .sm :I.
i st
In an analogous fashion | ;7 can be evaluated to give
. J1 (ko sind )
L. =iag*gHyE .
e eing

so that the left hand side of the ART, equation becomes for a plane wave incident on acircular aperture of

radius «,
Jy(aksing )
aksng
In exactly the same manner, the right hand side of equation can be evaluated to give:
2ol » By ke )
Equating equation to equation yields the amplitude of the diffracted field using the ART:

1 (ak sinB)
aksing

I=1 +1I; = ~2ia?nHy &,

ART

Y-
i fIEd

&

E 1 isaconstant that has the following form:

~

B, = 7 Epeiehs

where || = 1 (the connecting field has unit amplitude.) Comparing equation to the results obtained in
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equation , one can see some remarkable results. Recalling equation gives the diffracted electric field for a
plane wave incident on a circular aperture as

SYDT J1 Uk sin i)
oy = <X : .
d ¢ 0 jrex sin &
Using the ART, the amplitude of the diffracted field is given by equation
ART = Jy(aksind)
Fix = X .
; ST ko

Here one should note that there is an overall normalization constant between the two results that depends on
how the normalization was performed.
Here is the remarkabl e result, namely that standard vector diffraction theory and the ART yield the exact

2
same result for the intensity of the diffracted fields (recalling that the intensity J = |Ed| ). Thediffracted

field, using vector diffraction theory, is very difficult and cumbersome to apply except in highly idealized
conditions, for example a plane wave incident on a circular aperture . The ART isvery easy and general
enough to apply to highly idealized (plane waves incident on circular apertures) as well as very non-
idealized conditions, namely those of Bessel wave fields incident on a circular aperture at the waveguide
exit. The ART provides a clean and quick method to cal culate these diffracted fields.

Diffraction Patterns of the LP Modes

Having determined in the last section that the ART approach agrees with standard vector diffraction theory,
the next step isto return to equation and plot the Bessel diffracted fields. In order to determine the
diffraction patterns for the LP modes, one must first determine whether the modes will be coherent when
they reach the end of the waveguide. The individual modes will be coherent across the waveguide exit. The
interesting question is whether the various modes superposed remain coherent as they propagate down the

waveguide. Whether the LP modes remain coherent depends on the coherence length Az, Assuming a wave
packet given by the uncertainty relation

].
[ ] - } —_—
Hz e AL 5

where Ak = Ak, whichistruefor & - £.. For acharacteristic x-ray, £ = =, and therefore Ak = A

and thus ’

Nz = 1 = - — fe » QBTxID‘*S.;m
oAk 2hm  ZAE T ﬂE{ev} :

For aspread in energy of say AE = 1 eV, the wave packet will have alongitudinal spread of about 1000A.
If two modes become separated by more than this amount they can be considered incoherent. Not only does

the coherence length depend on A&, but also on the group velocity of the modes as they propagate down the
waveguide. The group velocity differs for different LP ;,, modes. Since the LP modes propagate with

approximately the same &, one can assume that the group velocity will not vary appreciably provided the

file:///CJ/Documents¥%20and%620Settings/l abrakes/Desktop/thesi s%201/Doctoral %20T hesi s%20Scott%20L aBrake.htm (79 of 101)9/9/2004 5:47:33 AM



Doctoral Thesis Scott LaBrake.htm

waveguides are very short. Thus for a short waveguide, the LP modes are expected to remain coherent when
they reach the end of the waveguide.

Infigure 5.2, the intensity profile for asingle diffracted LP g1 mode (weighted by its excitation) is shown,

while figure 5.3 shows the intensity profile for the first five LP p, modes. These was calculated by
evaluating versus output angle. The intensity is proportional to the square of the diffracted field. For an input

angle of O uradians, the beam essentially travels down the length of the waveguide and thus the diffraction

pattern should be peaked at an output angle of 0 pradians. The diffraction peaks from the end of the
waveguide are correlated to the angle of incidence of the plane wave at the waveguide entrance for short
waveguides since the axially excited LP modes propagate with few reflections. Thisis not true for long
waveguides.

Intensity (Arbitrary Units)

Output Angle {prad)

Intensity profile for an 8 keV Cu K x-ray versusthe output angle (in prad) for athefirst LPg ) mode
(weighted by its excitation of 70% at O prad) incident at the waveguide exit, from equation .
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Intensity (Arbitrary Units)

D2

1.1

ul |

-100

Output Angle (prad)

Intensity profile for an 8 keV Cu K x-ray versusthe output angle (in prad) for athefirst five LPg, modes

(weighted by their respective excitations obtained from figure 4.1 at O urad) incident at the waveguide exit,
from equation .

Conclusion

The LP modes that make it to the end of the waveguide are considered coherent. Standard vector diffraction
theory isthe general approach to calculation of the diffracted fields. However, resultsin the literature refer
to special cases (incident plane waves, spherical waves, etc.) and not to Bessel modes. The LP modes are
neither plane nor spherical waves, but Bessel waves. Thus the standard results do not apply and
modifications to the standard vector diffraction theory are needed.

An approach to vector diffraction theory inspired by the ART was therefore used as a viable aternative to
the using standard vector diffraction theory. The vector Bessal diffracted fields were calculated. Further as

the number of LP , modesincreased the diffraction seen had alarger angular spread. This was attributed to
the mixing of the higher order modes with the low order modes that were excited by the externally directed
plane wave.

To ensure that the method was accurate, standard vector diffraction theory and the ART were both used to
test a special case, namely that of a plane wave incident on a circular aperture. The results using both
standard vector diffraction theory and the ART. Here, one has new approach to calculating the vector
diffraction fields.

The Effect of Surface Roughness on the
Propagation of X Rays
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Introduction

The versatility of the x-ray waveguide depends in part, on how rough the glass surface is, on average. The
rougher the surface, the smaller the distance the x rays will propagate in the waveguide. Ideally, one would
like to have a perfectly smooth surface, as has been assumed thus far. In practice however, thereis no
surface that is perfectly smooth. Some variation of the surface height always exists. From a materials science
standpoint, one would like to gather surface structural information from thin film deposition techniques. To
do this, one may utilize many different techniques, one of them being x-ray scattering at grazing incidences.
The scattering of x raysfrom area (non-ideal or rough) interface naturally separates the waves into specular
(coherent) and non-specular (diffuse) components. The effect of surface roughnessis to decrease the
reflectivity into the specularly reflected beam. There is extensive literature (sources to be listed) on specular
and non-specular scattering from rough surfaces, that the reader may wish to consult. In all of these sources,
the calculations of the reflectivities are done for plane surfaces. The waveguidesin thisthesis are glass
capillary or cylindrical glass tubes. For these fibers there are no roughness studies. Here one will resort to an
approximation, which is motivated by the observation that the effect of x-ray intensity lossinto the
specularly reflected beam can be described by an effective absorption of the x-ray by the waveguide
[Caticha]. In other words, surface roughness will be modeled as an effective addition to the imaginary part
of the susceptibility. To calculate the loss of x-ray intensity due to photoelectric absorption alone, one

calculates the imaginary part of the susceptibility and the result of this calculation is used to determine the %
decay lengths. Thisiswhat was done in chapter 3 section 6. Section 3.6 made no reference to the actual
roughness of the glass surface. Both mechanisms, photoelectric absorption and surface roughness contribute
to the decrease in x-ray intensity. To model the losses due to surface roughness an additional term will be
added to the imaginary part of the susceptibility.

For the purpose of thisthesisit will be shown that the surface roughness effects on the x rays can be taken
into account using the Rayleigh approximation for long lateral correlation lengths for the scattering of x rays
off of plane glass surfaces when the x rays are incident far below the critical angle. Long correlation lengths
seem more natural since these glass fibers are produced by drawing out a piece of soft glassto form afiber.
Thiswould tend to produce long correlation lengths, rather than short. For short correlation lengths there are
other approximations that may be utilized, such as those of Nevot and Croce [Nevot and Croce].

The effects of surface roughness will be introduced as afirst order correction to the effect of photoelectric
absorption explored in chapter 3.6. In this chapter the Rayleigh reflectivity will be introduced and
calculated, assuming no surface roughness of the glass waveguide. The correction to the imaginary part of
the susceptibility will be numerically evaluated by comparing the decrease in the reflectivity curvein the
absence of surface roughness to the reflectivity curve with a known surface roughness contribution. In other
words, the reflectivity curves for a known amount of surface roughness and for no surface roughness will be
produced and to the reflectivity curve with no surface roughness, a small correction term to the imaginary
part of the x-ray susceptibility will be added. This correction term will be numerically varied until the
known surface roughness reflectivity curveis reproduced. Thiswill give the correction to the imaginary part

of the x-ray susceptibility due to surface roughness and from this value, new % decay lengths may be
calculated and compared to those in section 3.6.

Lastly, it will be shown that the results using a correction term in the imaginary part of the susceptibility will
coincide with the results of Kimball and Bittel[Kimball and Bittel] using the Rayleigh reflectivity of an x-
ray off of a plane glass surface. From this approximation one will make predictions on the applicability to
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the cylindrical waveguides studied in this thesis.
Rayleigh Reflectivity of X Rays From Plane Surfaces

The photoel ectric absorption of awaveguide mode asit travels down the guide is due mainly to penetration

of the mode into the glass. Modes for which & - &, penetrate less and thus experience |ess absorption as
was shown in chapter 3. Recall that the absorption coefficients are calculated from the imaginary part of the

longitudinal wave vector, %z. From section 3.6 the susceptibility has both areal and an imaginary
component given by equation

¥, =X tix,
The imaginary part of the longitudinal wave vector i is given by equation as

Y — "E:.Ia HIJ’
M

i X :
. 2 L
ot 5

Thislead to the effective linear absorption coefficient for the LP ;,, modes, equation

2
HLP
Hia = She H—

s = Pr;

Absorptive losses in the intensity of the x-ray asit travels down the waveguide were calculated in this
manner, with no regard to the actual roughness of the surface. Rough surfaces also contribute to the loss of x-
ray intensity as the wave travels down the waveguide. Both mechanisms, photoel ectric absorption and
surface roughness contribute to the decrease in x-ray intensity. Therefore, as a first approximation, consider
surface roughness as a correction to photoel ectric absorption. Thiswill amount to recal culating the
imaginary part of the x-ray susceptibility due to roughness scattering of the x-ray by the plane glass surface,

using equation , and then cal culating the corresponding % decay lengths, which are given asthe inverse of
equation .

Rayleigh Approximation for Long Lateral Correlation Lengths

Since the waveguides are normally produced by drawing out a piece of soft glass to form afiber, long
correlation lengths seem more natural. Therefore, surface roughness effects on the x rays may be taken into
account using the Rayleigh approximation for long lateral correlation lengths for x rays incident far below
the critical angle. Using the Rayleigh approximation,

[ P
Fow e e

where r; isthe Fresnel reflection coefficient for a sharp smooth planar surface, ¢ isthe norma component

of the incident wave vector, and 2 is the mean square surface height distribution, or the roughness. The
Fresnel reflection coefficient is given by
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=

g —

li"" =
& q+

=

1
where ¢ = ks isthe component of the wave vector normal to the surface, and & = {qz + i ¥ } Tis

the component of the transmitted wave vector deep into the medium, £ = =, and y , isthe x-ray

susceptibility. Clearly the reflectivity, |r"|2 , IS dependant on the angle of incidence. Thus, the reflectivity is

given by
|r|2 — (Q_E (Q_E *2—4{,‘252
g+ gq g+ g '

Expanding equation , and substituting the expressions for ¢ and &, one obtains

ksin® — (k2sin26 + k3(y, +ix)} T
ksing + {k2sin20 + 2y, +ix,)) T

[rf* =

ksing — (k2 sin®8 + k2(y, —ix )} T
ksind + (k2 sin26 + k2(y, — iy )} T

Equation isthe reflectivity of an x-ray off of a plane glass surface. One can plot equation for x rays of
varying energies versus angle of incidence as shown in figures 6.1 through 6.4.
Also included in figures 6.1 through 6.4 are the effects of varying the amount of surface roughness for these

1.1
Pl

different energies. From figure 6.1, for example, shows Cu K , x rays (with energy 8 keV) incident on a
glass surface with increasing roughness. One can see that as the surface roughness increases (from OA to
20A) the net affect is to decrease the surface reflectivity for fixed energy. One could vary both the x-ray
energy and the amount of surface roughness. In figure 6.2 potassium x rays (with energy 3 keV) are incident
and again the same pattern is noticeable. As the amount of surface roughness isincreased the reflectivity
decreases. In figures 6.3 and 6.4 sodium (1 keV) and oxygen (0.5 keV) x rays respectively are used. The
same trend is again shown, namely that for afixed energy, as the surface roughness increases the surface
reflectivity decreases. It should also be noted that the critical angle for the x rays incident on the glass

surface depends on the x-ray susceptibility (equation ) aswell asthe x-ray energy. For hard (Cu K ) x rays
the critical angleis approximately 4. 4 mrad (0. 25 degrees), while for soft (O) x rays the critical angleis

approximately &7. 2 mrad (Z. 85 degrees). These critical angles could also have been inferred by inspection
from figures 6.1 through 6.4, where the reflectivity goes to zero.
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dd

da =

dd

=1

da dd da da da d.l

Reflectivity versus angle for mean square surface height distributionsranging fromc = 0A too = 20A,

in stepsof 5A for Cu K, x rays with energy 8 keV. These reflectivity curves were generated by evaluation
of equation for varying angle of incidence of the x-ray beam on the plane glass surface.

dd L

da

dd L

.H

Reflectivity versus angle for mean square surface height distributionsranging fromc = 0A too = 20A,

in steps of SA for potassium x rays with energy 5 keV. These reflectivity curves were generated by
evaluation of equation for varying angle of incidence of the x-ray beam on the plane glass surface.
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- HI

Reflectivity versus angle for mean square surface height distributions ranging fromo = 0Atoc = 20A,

in steps of SA for sodium x rays with energy 1 keV. These reflectivity curves were generated by eval uation
of equation for varying angle of incidence of the x-ray beam on the plane glass surface.

.-H

Reflectivity versus angle for mean square surface height distributions ranging fromc = 0A too = 20A,

in steps of SA for oxygen x rays with energy 522 eV. These reflectivity curves were generated by
evaluation of equation for varying angle of incidence of the x-ray beam on the plane glass surface.

Addition to Photoelectric Absorption, Method of Effective
Susceptibility

Since the effect of surface roughnessis to decrease the surface reflectivity, by virtue of the small imaginary
part of the x-ray susceptibility, one can assume that thisis akin to the decrease in surface reflectivity due to

. . 1 .
photoel ectric absorption. Thus, to calculate the — decay lengths of the x rays one starts by assuming that the
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linear absorption coefficient contains two terms, one due to photoel ectric absorption and due to surface
roughness. Recalling the definition of the linear absorption coefficient for glass, 1 = £y ,, one can now

define an effective ¥, which contains a contribution from the effect of photoel ectric absorption and a
contribution from the effect of surface roughness.

X5 Xops +Ie..m=

where ¥, ., isthe contribution from photoelectric absorption and ¥, .. isthe contribution from surface
roughness. Following, in a completely analogous manner to the derivation of equation of chapter 3, the
imaginary part of the longitudinal component of the wave vector may be written in terms of the
contributions due to photoel ectric absorption and surface roughness. Thus the imaginary part of the
longitudinal component of the wave vector is given as:

k uf
i
-'E:m' = E{Im—l + Ia..m:'_3

Since, by definition, the linear absorption coefficient for the LP ;,, modesin the glass due to photoelectric
absorption is pi;, pa = 2kmpa = k¥ ,.,, One can define the linear absorption coefficient for the LP 4,

modes in the glass due to surface roughness as i, sz = 2km sk = k), 5. Thisproduces

2
HLP

Bip = (Hippat Hipsr)—=
i

In order to include the effects of surface roughness, one needs to calculate Li;,, s from equation . First, one
starts by plotting the reflectivity (versus angle) for two cases. The first caseisfor UA of surface roughness

and the second is for a known amount of surface roughness, for example, 5A. Here, Cu K, x rays are used
for the example and the reflectivities are calculated according to equation . In order to calculate the effective

susceptibility and thus the linear absorption coefficient for an LP ;,, mode, through equation , one variesthe
Imaginary part of the susceptibility in aknown manner. If the assumption that surface roughness effects can
be modeled as an addition to the effects of photoel ectric absorption, then as one varies the imaginary part of
the susceptibility the reflectivity curve for the known amount of surface roughness should be reproduced. In

other words, from the reflectivity curve with JA of surface roughness, avalue for the imaginary part of the
susceptibility was chosen and the decrease in the reflectivity was calculated (and plotted according to

equation ). If the value of the susceptibility chosen was correctly then the reflectivity curve with DA of
surface roughness should decrease towards the reflectivity curve with the known amount of surface
roughness. At a particular value for the susceptibility the curve with a known amount of surface roughness

should be reproduced. The y; that made the OA reflectivity curve match the SA is the contribution to
photoel ectric absorption that was being sought. In figures 6.5 and 6.6, numerical methods were used to vary
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the imaginary part of the susceptibility until the reflectivity with known amount of surface roughness was
obtained from the curve with no surface roughness. Once the contribution to the imaginary part of the

susceptibility is known, the new linear absorption coefficients, y;,, sz, may be calculated. From equation the
effective linear absorption coefficients can be calculated and thus new % X-ray decay lengths.

2
r . . o . .. Angk fegrees)

Lo 1. s ILIL o all

T Effective

54 Surface Roughness

D

Surface reflectivity for 5A surface roughness for copper K o X rays versus angle (in degrees). Also included
is the surface reflectivity for OA of surface roughness. This curve has been produced by successive
iterations of the variable imaginary part of the x-ray susceptibility. The overlap of the two curves for

& - &, produces the desired result, namely the desired contribution of surface roughness to the decrease

in reflectivity. From this effective y, one This allows one to recalculate the % decay lengths based on
eguation .
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Surface reflectivity for 10A surface roughness for copper K x rays versus angle (in degrees). Also
included is the surface reflectivity for OA of surface roughness. This curve has been produced by successive
iterations of the variable imaginary part of the x-ray susceptibility. The overlap of the two curvesfor

& - &, produces the desired result, namely the desired contribution of surface roughness to the decrease

in reflectivity. From this effective y, one This allows one to recalculate the % decay lengths based on
eguation .

From figures 6.5 and 6.6, for & = &, and for Cu K, x rays with an energy of 8 keV, the contribution due to
surface roughness through the imaginary part of the x-ray susceptibility may be calculated. Thisgivesa

vaueof y,... = 23X 107 for 5 and 10A of surface roughness. For x raysin borosilicate glass, one

finds Koy sk =9.97cm™! and Eoypa =72.16cm™! (from chapter 3.6). Therefore equation may be

evaluated and the new % decay lengths with surface roughness and photoel ectric absorption effects

included, for several modes of Cu K, x rays may be calculated asis shown in tables 6.1 and 6.2.

gy () p=1 p=2 p =3

=0 T1x107 [37x107% [9.1x 107
I=1 1.8x107% Jeo0x10™ [1.3x107°
1=2 22x10™ [86x107 |1.7x107

\caption{ Linear absorption coefficients for copper x rays of energy 8 keV dueto 5 angstroms of surface
roughness and photoel ectric absorption.\label{ key} }

L {m) |2 2 3

0 14173 | 2690 | 1095
1 5583 | 1665 | 792
2 3108|1157 |é07

\caption{ New (1/e) decay lengths for copper x rays due to 5 angstroms of surface roughness and
photoel ectric absorption.\label{ key} } Table 6.2 shows the propagation lengths for 5A of surface roughness

for CuK, x raysincident in aglass capillary. These propagation lengths may be compared with pure
photoel ectric absorption, that was calculated in chapter 3. From section 3.6 with pure photoelectric
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absorption one calculated the % decay lengths, and these are shown again in table 6.3.

L (m} |2 2 3

0 16667 |3175 [ 1299
1 6667 | 1961 | 909
2 3704 1370|714

\caption{ (1/e) decay lengths for copper x rays due to photoelectric absorption only.\label{ key} }
Comparison of tables 6.2 and 6.3 show that when surface roughness effects are taken into account, the x-ray
does not propagate as far as it would if there were a smooth waveguide surface. Let's consider again for

example, the LP 3 1 mode for the Cu K x rays. The if decay length for the LP 21 mode, from table 6.3, is
approximately 3700 meters for pure photoel ectric absorption. Thisis avery large propagation distance for

. . . 1
the x-ray to travel. Incorporating the effects of photoel ectric absorption and surface roughness, the — decay

length for the LP 2 1 mode, from table 6.2 is approximately 3100 meters. Thistoo is astriking result and is
probably not arealizable result in a practical x-ray waveguide. It does show that surface roughness does
affect the propagation of the x-ray. However, surface roughness probably is not a significant effect in these
waveguides. These large propagation distances are most likely due to the low order modes being contained
entirely within the waveguide, and thus the low order modes experiences very little penetration into the glass
and see very little of the rough surfaces since they undergo very few reflections. Whereas the higher order
modes do not propagates as far since they undergo more reflections off of the glass surface. The more
reflections the x-ray undergoes the more likely it isto be lost due to absorption by the glass or diffuse
scattering by the rough surface.

Photoelectric Absorption and Surface Reflectivity, Method of

Kimball and Bittel

Following the procedure outlined in the paper by Kimball and Bittel [Kimball and Bittel], one can examine
the effects of rough surfaces by using the Fresnel reflectivity. The Fresnel reflectivity can be derived in the

same manner as section 5.2, but with out the exponential decay term. Again, let #; be the refection

coefficient for a sharp smooth surface, ¢ be the normal component of the incident wave vector, and let & 2is
the mean square surface height distribution, or the roughness. The Fresnel reflection coefficient is given by
equation :

=

q_

li"" =
& q+

=

1
where ¢ = ksin(8) is the component of the wave vector normal to the surface, and 7 = {g* + k¥, } *

is the component of the transmitted wave vector deep into the medium, & = =, and ¥, isthe x-ray

file:///C|/Documents%20and%20Setti ngs/l abrakes/ Desktop/thesi s%201/Doctoral %20T hesi s%20Scott%20L aBrake.htm (90 of 101)9/9/2004 5:47:33 AM



Doctoral Thesis Scott LaBrake.htm

susceptibility. Clearly the reflectivity, |r"|2 , IS dependant on the angle of incidence. The Fresnel reflectivity is

given by:
Mz=(q—§)(q—§)f
g+g Jhgt g

Expanding equation , and substituting the expressions for ¢ and , one obtains:

ksin(®) — (k2 sin2(0) + k2(x, +ix,)} T

IP|* =
ksin(8)+ (k2 sin? (B + K2y, + ixaj}i—

kosin(@) — {k? sin®(8) + Ky, — ixaj}i—
ksin(8) + (k2 sin2(8) + k2(x, —ix,)} T

Surface roughness decreases the specular reflection coefficient, R by & #. Thus the specular reflection
coefficient is given by:

RO = )% -a 7,
where & + needs to be evaluated. Kimball and Bittel give the resultsfor ~ # by the following expression:

AF = 4q£2[ a ms(%’) - ﬁsm(%) }

The dimensionless parametersr, and r are proportional to the range of the roughness and given by the
expressions:

where i characterizes the roughness range and is related to the lateral correlation length of the roughness

and the lateral distance &, the x-ray travelsin the medium while it is being reflected. Furthermore, several
parameters pertinent to the geometry of the fiber need to be introduced and defined. The ratio of the input

angle to the critical angleis defined as 17, while £2 is defined asthe ratio of the mean square surface height
distribution & to the glancing angle penetration depth, £ (how far into the glass fiber the x-ray travelsinto
the surface perpendicularly whileit is being reflected.) Further, the glancing angle penetration depth £ can

related to the speed of light in vacuum and to the plasma frequency for borosilicate glass. Thus £2 becomes:
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2 2
2= 9 = G—mg,

il o

where the plasma frequency for borosilicate glass was found, in chapter 2, to be 35.1 eV and thus £} = 56.1
A. Therefore using equation for |r|2 and equation for the surface roughness correction, equation may be

plotted for various x-ray energies as shown in figures 6.7 and 6.8. Figures 6.7 and 6.8 are for Cu K, X rays
with an energy of 8 keV. Figure 6.7 isfor no surface roughness and 5A of surface roughness, while figure
6.8 isfor 10A of surface roughness. Here one can notice that as the height of the rough surface increases the
specular reflection coefficient decreases from unity asis expected. This effect is not very dramatic. Further,
as the magnitude of the surface roughness increases from 5A to 10A more of the x-ray is scattered in random
directions and thus the reflection coefficient suffers a greater decrease for increased surface roughness.

7 Retiector Coetick stdoo sanace moagh e s

—_—— e —— —

Retkction Coetfickit 6 A 51 rEce mlgliess
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R 7 i P o]
o e 1 ]

Plot of the specular reflection coefficient following the method of Kimball and Bittel for 0A and 5A of

surface roughness for copper K, x rays. The upper curve (no surface roughness) was generated by plotting
equation versus angle of incidence. The lower curve was generated by plotting equation versus angle of
incidence using equations for the reflectivity and for the surface roughness correction. Surface roughness
decreases the specular reflection coefficient as expected.
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Plot of the specular reflection coefficient following the method of Kimball and Bittel for 0A and 10A of

surface roughness for copper K, x rays. The upper curve (no surface roughness) was generated by plotting
eguation versus angle of incidence. The lower curve was generated by plotting equation versus angle of
incidence using equations for the reflectivity and for the surface roughness correction. Surface roughness
decreases the specul ar reflection coefficient as expected.

Comparison of Variable X-ray Susceptibility Method to the
Method of Kimball and Bittel

Next, one would like to compare the methods of calculating the surface roughness as a correction to the
Imaginary part of the x-ray susceptibility from section 6.2 and the decrease in the specular reflection
coefficients due to surface roughness following the method of Kimball and Bittel. In figure 6.9 a mean

surface height distribution of 5A was used for Cu K X rays incident in borosilicate glass. The upper two
curvesin figure 6.9 were obtained by plotting equation (effective susceptibility method) and equation
(method of Kimball/Bittel). Both of the upper two overlaid reflectivity curves are for OA of surface
roughness. To compare the two methods of effective susceptibility and of Kimball/Bittel, equations and
were both evaluated for various angles of incidence. The lower curve (method of Kimball/Bittel) was
obtained by plotting equation for 5A of surface roughness versus angle of incidence of the x-ray beam
according to equation with the surface roughness correction given by . The second, lower curve (effective
susceptibility) was obtained by numerically varying the susceptibility, using equation , until the reflectivity
of aknown amount of surface roughness was obtained, in this case 5A. This curve, the 5A of surface
roughness produced by varying the x-ray susceptibility, was shown previoudy in figure 6.5. Hereit is
overlaid against the curve produced by the method of Kimball/Bittel. One can notice the agreement between
the two methods. For a known amount of roughness, it seems that modeling the effect of surface roughness
as a correction to the effect of photoelectric absorption isvalid. The discrepancy between the two methods
may be attributed to the precision in the numerical approximation of the imaginary part of the susceptibility.
This needs to be addressed with further studies.

Of course, one does not have to use hard Cu K, x rays. One could decrease the x-ray energy from say hard
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CuK x rayswith energy 8 keV to soft O x rays with energy 0.5 keV and seeif the two methods are still
equivalent. Thisiswhat is shown in figures 6.10 to 6.12. From figures 6.10 through 6.12 one can see that
again the two methods yield exactly the same results. By the method of Kimball/Bittel one calculates the
decrease in the specular reflection coefficient due to surface roughness by evaluating equation . The Fresnel
reflection coefficient, equation , is evaluated for a known amount of surface roughness. For perfectly smooth

surfaces, & 7 iszero and equation is equivalent to equation . For a known amount of surface roughness, the
reflectivity is decreased and this decrease is calculated by evaluating equations and .

The assumption that the rough surface contributes to an affective absorption seems to be valid. In both
Instances one can conclude that whether the x-ray is scattered (reflected) by the rough surface and this
specular reflectance calculated (as shown by Kimball and Bittel) or lost (scattered) and ssmply treated as
another instance of loss due to absorption, one arrives at the same result.

r2 Angle (radiars)

LA, L L & LA ERLL =] LA LA dha

HHM 0 A surface roughnes=s (effective susceptibility)
M
0 .|H|. surface roughness (Himball/B ittel)

\"\..

)
5 .lﬂ =saxface mughn&as (Kimball/B ittel)
5 A surface roughnes=s (effective susceptibility)

Plot of the reflectivity versus angle of incidence for Cu K, x rays with energy 8 keV. The upper two curves
were obtained by plotting equation (effective susceptibility method) and equation (method of Kimball/
Bittel). Both of the upper two overlayed reflecticity curves are for OA of surface roughness. The lower
curve (method of Kimball/Bittel) was obtained by plotting equation for 5A of surface roughness versus
angle of incidence of the x-ray beam. The other lower curve (effective susceptibility) was obtained by

numerically varying the susceptibility, using equation , until the reflectivity of a known amount of surface
roughness was obtained. This curve was shown previously in figure 6.5. Here it is overlayed against the
curve produced by the method of Kimball/Bittel. One can see the agreement between the two methods.
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Plot of the reflectivity versus angle of incidence for potassium x rays with energy 3 keV. The upper two
curves were obtained by plotting equation (effective susceptibility method) and equation (method of
Kimball/Bittel). Both of the upper two overlayed reflecticity curves are for OA of surface roughness. The
lower curve (method of Kimball/Bittel) was obtained by plotting equation for 5A of surface roughness
versus angle of incidence of the x-ray beam. The other lower curve (effective susceptibility) was obtained
by numerically varying the susceptibility, using equation , until the reflectivity of a known amount of
surface roughness was obtained. One can see the agreement between the two methods for an energy
between those of hard and soft x rays.

ri . . . . Angle (radians]

0 A surfacs roughness [ Kimball /Bittel]

X
Ty

158 Ty .8 .lE'. surface roughness [(KimballiBittel )

5 .IEL surface roughness [ Sffedive suscaptibility ]
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Plot of the reflectivity versus angle of incidence for sodium x rays with energy 1 keV. The upper two
curves were obtained by plotting equation (effective susceptibility method) and equation (method of
Kimball/Bittel). Both of the upper two overlayed reflecticity curves are for OA of surface roughness. The
lower curve (method of Kimball/Bittel) was obtained by plotting equation for 5A of surface roughness
versus angle of incidence of the x-ray beam. The other lower curve (effective susceptibility) was obtained
by numerically varying the susceptibility, using equation , until the reflectivity of a known amount of
surface roughness was obtained. One can see the agreement between the two methods for soft x rays.

r2 . , , , Angle(radians)

.
N
e (I S 1LAF L. . 1.

o, 0 A surface roughnes=s (effective susceptibliliv)

M
Ty,
“d:ff 0 &

5:7::& roughness (Kimball/Bittel)

=
i,

o 5 } surface roiighness (Kimball Bittel)
5 & surface roughness (effective susceptibility)

Plot of the reflectivity versus angle of incidence for soft oxygen x rays with energy 0.5 keV. The upper two
curves were obtained by plotting equation (effective susceptibility method) and equation (method of
Kimball/Bittel). Both of the upper two overlayed reflecticity curves are for OA of surface roughness. The
lower curve (method of Kimball/Bittel) was obtained by plotting equation for 5A of surface roughness
versus angle of incidence of the x-ray beam. The other lower curve (effective susceptibility) was obtained
by numerically varying the susceptibility, using equation , until the reflectivity of a known amount of
surface roughness was obtained. One can see the agreement between the two methods for soft x rays.

Conclusion

The waveguidesin this thesis were glass capillary tubes. One resorted to an approximation, which was
motivated by the observation that the effect of x-ray intensity loss into the specularly reflected beam could
be described by an effective absorption of the x-ray by the waveguide. In other words, surface roughness
was modeled as an effective addition to the imaginary part of the susceptibility It seems reasonable that the
Rayleigh reflectivity is an adequate approach for long lateral correlation lengthsin these pulled fibers.
Further one finds that as the mean surface height distribution of the surface increases the x-ray intensity
decreases and this decrease can be modeled as a correction to the imaginary part of the x-ray susceptibility.
This correction was added to the previously determined effect of photoelectric absorption and the two effects
contribute to the loss of x-ray intensity as the x-ray propagates in the waveguide. It can also be concluded

file:///CJ/Documents¥%20and%20Settings/l abrakes/Desktop/thesi s%201/Doctoral %20T hesi s%20Scott%20L aBrake.htm (96 of 101)9/9/2004 5:47:33 AM



Doctoral Thesis Scott LaBrake.htm

that for small angles of incidence, & = &, surface roughness does not seem to have much of an effect on
the propagation of the x-ray. The assumption that the rough surface contributes to an affective absorption
seems to be valid. In both instances one can conclude that whether the x-ray is scattered (reflected) by the
rough surface and the specular reflectance calculated (as shown by Kimball and Bittel) or lost (scattered)
and simply treated as another instance of 1oss due to absorption, one arrives at the same result.

Summary and Conclusions

Summary of Conclusions

The purpose of this thesis was to develop the theory for describing the performance of cylindrical glass
capillaries as waveguides for x rays. The propagating modes were obtained by solving Maxwell's equations.
Thus, polarization effects are fully taken into account. The transverse fields were expressed in terms of the
longitudinal fields and wave equations for the longitudinal electric and magnetic fields were solved by
separation of variables. Next boundary conditions on the wave function solutions were imposed and the

characteristic equation for the modes was derived. For the #: = (I case the modes were found to exhibit
properties of the TE and TM modes in the limit of small angles of incidence and for all valuesof y.. The
higher order modes (# # () are neither TE or TM but are termed hybrid and denoted by EH ,,, and HE ,,.
In the limit that ¥, is much smaller than unity, the hybrid EH ,, and HE ,, modes were found to obey the

same characteristic equation for the change of indices # — —#2. This degeneracy was exploited and used to
superpose the hybrid circular modes to form a set of linearly polarized modes. One could associate with the

modes an orbital angular momentum (the ¢-dependence of the electric and magnetic fields) and a spin. The

modes have atotal angular momentum of #: £ 1. Theright or left circular polarization (the rotation of the
electric fields at agiven point in space) is associated with the helicity or spin of the photons. Spin isusually
associated with quantum mechanics. Here one has a purely classical example that involves spin. The

circularly polarized hybrid EH ,; and HE —;; modes were superposed to form a set of linearly polarized or
LP ; modes. There were found two sets of LP modes denoted respectively LP * and LP *. Only the LP *
modes were investigated since the LP * modes are smply a 90" rotation of the LP * modes.

Thereal part of the electric field for various LP ’1; modes was plotted for awaveguide of an arbitrary radius.

For the low order LP o, family of modesit was found that the energy flow was at the center of the
waveguide and decreased as one moved from the center of the waveguide toward the glass boundary along

any radial direction. For the higher order modes, { = 1, it was found that the energy flow was not near the
center of the waveguide. It was found by inspection that most of the energy was flowing at increasing radial
distances from the center of the waveguide and ultimately decreased as one approached the glass boundary
along any radial direction.
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There are two energy loss mechanisms that were studied. Photoel ectric absorption effects were investigated
and losses due to photoel ectric absorption were calculated. This was done by calculating the imaginary part
of the dielectric susceptibility. The imaginary part of the wave vector was then calculated and used to

calculate the % decay lengths for the x rays as they travel down the fiber. It was found that the lowest order

modes (the LP 1) propagate on the order of 10 kilometers for higher energy x rays, while for lower energy
X rays the propagation distances were on the order of hundreds of meters. Thus for typical values of the
roughness these |osses are minimal. However, localized defects such as obstructions in the waveguide,
waviness over long scales, bending, etc., can actually be more dominant. While these propagation distances
may be a shocking result, in practical x-ray fibersthisis probably not arealizable feature.

The excitation of various LP modes that were excited by an externally directed plane wave were cal culated.
In order to calculate the excitation, the LP modes and the externally directed plane wave used to excite these

photon
sar

modes needed to be normalized to an arbitrary flux of energy of 1 into the cross sectional area of the

waveguide. The x-ray energy was varied for the lowest order, LP .1 mode. Here it was found that the

excitation of the LP g,;1 modeis 70% and is independent of the x-ray energy. Since the critical angle
Increases with decreasing x-ray energy, one finds for soft x rays the input angle coneis larger than the input
angle cone for hard x rays. As one approaches the critical angle for a given x-ray energy, the x-ray
undergoes more reflections and has a higher probability of being absorbed by the glass capillary.

The number of modesthat are excited was also investigated for the case of the lowest order LP 1 mode. It
was found that for an arbitrary value of the excitation, namely greater than 1%, 6 modes propagate at exactly

0 pradians. At increasing angles of incidence higher order modes are also excited and thus propagate down
the waveguide. In this thesis the x-ray beam is highly collimated and in practice the x-ray beam has an
angular divergence some mode mixing is bound to occur.

In chapter 5, the LP modes that make it to the end of a short waveguide were considered coherent. Standard
vector diffraction theory is the general approach to the calculation of the diffracted fields. However, results
in the literature refer to special cases (incident plane waves, spherical waves, etc.) and not to Bessel modes.
The LP modes are neither plane nor spherical waves, but Bessel waves. Thus the standard results do not
apply and modifications to the standard vector diffraction theory were needed. An approach to vector
diffraction theory inspired by the ART was therefore used as a viable alternative to the using standard vector
diffraction theory. The vector Bessel diffracted fields were calculated. One finds that the Fraunhoffer
diffraction patterns produced are intimately tied to how the modes were excited at the waveguide entrance
for very short waveguides. In other words, if the modes were excited by an externally directed plane wave at

0 pradian angle of incidence then the diffraction patters produced at the waveguide exit were peaked in the
forward direction at the same angle. Further, if one used, say an incident plane wave directed at 20 pradians,

the peak of the diffraction pattern would be in the forward direction and peaked at 20 pradians. Further as

the number of LP , modesincreased the diffraction seen had alarger angular spread. This was attributed to
the mixing of the higher order modes with the low order modes that were excited by the externally directed
plane wave.
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To ensure that the method was accurate, standard vector diffraction theory and the ART were both used to
test a special case, namely that of a plane wave incident on a circular aperture. The results using both
standard vector diffraction theory and the ART were identical. Here, one has new approach to calculating
the vector diffraction fields.

Chapter 6 investigated the effects of rough surfaces on the transmission of the x rays down the cylindrical
glass capillaries. One resorted to an approximation, motivated by the observation that the effect of x-ray
intensity loss into the specularly reflected beam is described by an effective absorption of the x-ray by the
waveguide. In other words, surface roughness can be modeled as an effective addition to the imaginary part
of the susceptibility It seems reasonable that the Rayleigh reflectivity is an adequate approach for long
lateral correlation lengthsin these pulled fibers. Further one finds that as the mean surface height
distribution of the surface increases the x-ray intensity decreases and this decrease can be modeled as a
correction to the imaginary part of the x-ray susceptibility. This correction was added to the previously
determined effect of photoel ectric absorption and the two effects contribute to the loss of x-ray intensity as

the x-ray propagates in the waveguide. It can also be concluded that for small angles of incidence, & - &,
surface roughness does not seem to have much of an effect on the propagation of the x-ray. The assumption
that the rough surface contributes to an affective absorption seems to be valid. In both instances one can
conclude that whether the x-ray is scattered (reflected) by the rough surface and the specular reflectance
calculated (as shown by Kimball and Bittel) or lost (scattered) and simply treated as another instance of 1oss
due to absorption, one arrives at the same result.

Future Directions

From chapter 4 orbital angular momentum of the LP modes was investigated. Orbital angular momentum
being displayed by optical beams have been know for about a decade there has been recent interest in these
light beams. Galvez et a [Galvez] have recently been working on optical beams possessing orbital angular
momentum as possible systems for N-bit quantum computing. Still others, in particular astronomers
[Musser], are interested in this property of light. Natural astrophysical processes such as lendlike density
variationsin interstellar gas or perhaps the warped space-time around rotating black holes may twist light
producing a beam of light with orbital angular momentum. These capillary fibers offer the possibility of
being able to generate similarly interesting light beams in the x-ray part of the spectrum.

As seenin Chapter 5 there is adistinct possibility for the existence of a diffractionless Bessel Beam. Non-
diffacting beams, introduced by Durnin in 1987, have seen considerable study in past years [Durnin],
[Bouchal]. Using the ART one can now focus not on Fraunhoffer diffraction but on Fresnel diffraction. If
one can generate, by choosing the entrance, propagation and exit conditions appropriately, namely exciting a

LP 1 mode by aplane wave incident at O uradians on a short waveguide, a non-diffracting single mode
Bessel Beam may be produced. This may have very important technological and theoretical implications.
For example, one may be interested in how far this single mode Bessel Beam will propagate in free space
before it begins to diverge and spread, the Fresnel diffraction limit. Thisisahighly non trivial process. In
order to attempt a solution to this problem, one will have to study vector Fresnel diffraction. Here the current
use of standard vector diffraction theory would prove to difficult to apply and therefore a solution would be
hard to generate. The ART may provide a solution to this problem with minimal approximations and
calculations.

Next, one could observe that the geometry of the fibers used in this thesis were strictly cylindrical and very
close to ideal. Other waveguiding structures are possible such as waveguides with hexagonal cross-sections.
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An investigation of how edges and non-cylindrical structures will effect the reflection of the x-rays and
ultimately their propagation down the longitudinal axis of the waveguide. This would be an interesting
question that this thesis has set the stage to answer.

From here, one could envision other interesting scenarios. Effects such as waveguide curvature (both
purposeful and accidental) and waveguide tapering (thinning of the waveguide in the direction of x-ray
propagation) have on the x-ray as it propagates down the waveguide. Purposeful sources of bending and
tapering the waveguide include the study of focusing many capillaries to one spot.

It is possible to excite the LP modes in the waveguide with something other than a plane wave. Since the LP
modes were constructed by a superposition of circularly polarized modes, one could try to excite modes with
acircularly polarized wave at the waveguide opening. Thus one could attempt to preferentially excite say,
the left circularly polarized modes rather than the right circularly polarized modes. Instead of a straight
capillary waveguide what would happen if one were to twist the fiber around its longitudinal axis?
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