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Name___________________________________ 

 

 

Please read and follow these instructions carefully: 

 

• Read all problems carefully before attempting to solve them. 

• Your work must be legible, and the organization clear. 

• You must show all work, including correct vector notation. 

• You will not receive full credit for correct answers without adequate explanations. 

• You will not receive full credit if incorrect work or explanations are mixed in with 

correct work.  So, erase or cross out anything you don’t want graded. 

• Make explanations complete but brief.  Do not write a lot of prose. 

• Include diagrams. 

• Show what goes into a calculation, not just the final number.  For example,

 

• Give standard SI units with your results unless specifically asked for a certain 

unit. 

• Unless specifically asked to derive a result, you may start with the formulas given 

on the formula sheet including equations corresponding to the fundamental 

concepts. 

• Go for partial credit.  If you cannot do some portion of a problem, invent a 

symbol and/or value for the quantity you can’t calculate (explain that you are 

doing this), and use it to do the rest of the problem. 

• All free-response parts are worth 6 points 

 

 

 

 

 

 

 

 
I affirm that I have carried out my academic endeavors with full academic honesty. 

 

__________________________________________ 

Problem #1 /24 

Problem #2 /24 

Problem #3 /24 

Total /72 



1.   Suppose that you are standing on a hill inclined at an angle of 150measured with 

respect to the horizontal. A ball of mass 𝑚 = 0.1𝑘𝑔 is launched with an initial speed 

𝑣𝑖, at an angle of 520 (also measured with respect to the horizontal) as shown below.  

The ball lands 30𝑚 away along the hill from where it was launched. 

 

 

 

 

 

 

 

 

a. Assuming a cartesian coordinate system and that 𝑟𝑖 = 〈0.0.0〉𝑚, what is 𝑟𝑓? 

 

To use the equations of motion we need to know the horizontal and vertical 

displacements of the ball, which is the only reason the hill is here. 

 

  The horizontal displacement: cos 15 =
∆𝑥

30𝑚
→ ∆𝑥 = 30𝑚 cos 15 = 29𝑚 

 

  The vertical displacement:  sin 15 =
∆𝑦

30𝑚
→ ∆𝑦 = 30𝑚 sin 15 = 7.8𝑚 

 

 𝑟𝑓 = 〈𝑥𝑓, 𝑦𝑓, 𝑧𝑓〉 = 〈29,7.8,0〉𝑚 

 

 

 

b. What was the launch speed of the ball?   

 

After the displacements are found, we don’t need the hill.  This is a projectile 

launched in the air that travels a horizontal distance 𝑥 across the ground and a 

vertical distance 𝑦 up in the air. 

 

∆𝑟 = �⃗�𝑖𝑡 +
1

2
�⃗�𝑡2 = 〈𝑣𝑖𝑥𝑡 +

1

2
𝑎𝑥𝑡2, 𝑣𝑖𝑦𝑡 +

1

2
𝑎𝑦𝑡2, 0〉 

  ∆𝑥 = 𝑣𝑖𝑥𝑡 +
1

2
𝑎𝑥𝑡2 = (𝑣𝑖 cos 𝜃)𝑡 → 𝑡 =

∆𝑥

𝑣𝑖 cos 𝜃
 

  ∆𝑦 = 𝑣𝑖𝑦𝑡 +
1

2
𝑎𝑦𝑡2 = (𝑣𝑖 sin 𝜃)𝑡 −

1

2
𝑔𝑡2 = ∆x tan 𝜃 −

𝑔∆𝑥2

𝑣𝑖
2 cos2 𝜃

 

 

  7.8𝑚 = 29𝑚 tan 52 −
9.8𝑚

𝑠2(29𝑚)2

𝑣𝑖
2 cos2 52

→ 𝑣𝑖 = 19.3𝑚

𝑠
 

 

 

 

 

 

 

150 

520 
𝑣𝑖  

30𝑚 



c. What is the time of flight of the ball from the time it was launched until it impacts 

the hill? 

 

∆𝑦 = 𝑣𝑖𝑦𝑡 +
1

2
𝑎𝑦𝑡2 → 0 = −∆𝑦 + 𝑣𝑖𝑦𝑡 −

1

2
𝑔𝑡2 = −7.8 + (19.3 sin 52)𝑡 − 4.9𝑡2 

  

 𝑡 =
−15.2±√(15.2)2−4(−4.9)(−7.8)

−9.8
= {

0.64𝑠
2.45𝑠

 

 

 The time of flight is 2.45𝑠. 

 

 You can also obtain the time of fight from the horizontal motion  

∆𝑥 = 𝑣𝑖𝑥𝑡 +
1

2
𝑎𝑥𝑡2 = (𝑣𝑖 cos 𝜃)𝑡: 

 𝑡 =
∆𝑥

𝑣𝑖 cos 𝜃
=

29𝑚

19.3𝑚
𝑠 cos 52

= 2.44𝑠 

 

 

 

d. What was the impact velocity of the ball with the hill?  You need to either specify 

the magnitude and direction of the impact velocity or give the components of the 

final velocity vector. 

 

 �⃗�𝑓 = �⃗�𝑖 + �⃗�𝑡 → 〈𝑣𝑓𝑥, 𝑣𝑓𝑦 , 𝑣𝑓𝑧〉 = 〈𝑣𝑖𝑥 + 𝑎𝑥𝑡, 𝑣𝑖𝑦 + 𝑎𝑦𝑡, 0〉 

 

𝑣𝑓𝑥 = 𝑣𝑖𝑥 + 𝑎𝑥𝑡 = 𝑣𝑖𝑥 = 𝑣𝑖 cos 𝜃 = 19.3
𝑚

𝑠
cos 52 = 11.9

𝑚

𝑠
 

 

 𝑣𝑓𝑥 = 𝑣𝑖𝑥 + 𝑎𝑥𝑡 = (19.3 sin 52) − (9.8𝑚

𝑠2) × 2.45𝑠 = −8.9𝑚

𝑠
 

 

 �⃗�𝑓 = 〈𝑣𝑓𝑥, 𝑣𝑓𝑦 , 𝑣𝑓𝑧〉 = 〈11.9, −8.9,0〉𝑚

𝑠
 

 

Or, as a magnitude and direction: 

 𝑣𝑓 = √𝑣𝑓𝑥
2 + 𝑣𝑓𝑦

2 = √(11.9𝑚

𝑠
)

2
+ (−8.9𝑚

𝑠
)

2
= 14.9𝑚

𝑠
 

 𝜙 = tan−1 (
𝑣𝑓𝑦

𝑣𝑓𝑥
) = tan−1 (

−8.9𝑚
𝑠

11.9𝑚
𝑠

) = −36.80 

 

 

 

 

 

 

 

 

 

 
 



2. A block of mass 𝑚 is pulled across a horizontal 

surface by a constant, externally applied force �⃗� 

with magnitude |�⃗�| = 𝐹 applied at an angle 𝜃 

measured with respect to the horizontal as shown 

on the right.  The block accelerates to the right 

with a magnitude 𝑎 and friction exists between 

the block and the horizontal surface with 

coefficient of friction 𝜇.   

 

 

a.   Write a full vector equation applying Newton’s laws to the block above.  Make 

you sure the vector expressions for each vector. 

 

 

 �⃗�𝑁 = 〈𝐹𝑁𝑥, 𝐹𝑁𝑦 , 𝐹𝑁𝑧〉 = 〈0, 𝐹𝑁 , 0〉 

�⃗�𝑊 = 〈𝐹𝑊𝑥, 𝐹𝑊𝑦 , 𝐹𝑊𝑧〉 = 〈0, −𝑚𝑔, 0〉 

�⃗�𝑓𝑟 = 〈𝐹𝑓𝑟𝑥 , 𝐹𝑓𝑟𝑦 , 𝐹𝑓𝑟𝑧〉 = 〈−𝐹𝑓𝑟 , 0,0〉 = 〈−𝜇𝐹𝑁 , 0,0〉 

�⃗� = 〈𝐹𝑥, 𝐹𝑦 , 𝐹𝑧〉 = 〈𝐹 cos 𝜃 , 𝐹 sin 𝜃 , 0〉 

 

 �⃗�𝑛𝑒𝑡 = �⃗�𝑁 + �⃗�𝑊 + �⃗�𝑓𝑟 + �⃗� = 𝑚�⃗� 

 �⃗�𝑛𝑒𝑡 = 〈−𝜇𝐹𝑁 + 𝐹 cos 𝜃 , 𝐹𝑁 − 𝑚𝑔 + 𝐹 sin 𝜃 , 0〉 = 〈𝑚𝑎𝑥, 𝑚𝑎𝑦 , 𝑚𝑎𝑧〉 

 

 

 

 

 

 

 

 

b. Derive an expression for the coefficient of friction 𝜇 between the block and the 

horizontal surface. 

 

 

Vertical forces:  𝐹𝑁 + 𝐹 sin 𝜃 − 𝑚𝑔 = 𝑚𝑎𝑦 = 0 

   → 𝐹𝑁 = 𝑚𝑔 − 𝐹 sin 𝜃 

 

 Horizontal forces:  𝐹 cos 𝜃 − 𝜇𝐹𝑁 = 𝑚𝑎𝑥 = 𝑚𝑎 

 

   → 𝜇 =
𝐹 cos 𝜃−𝑚𝑎

𝐹𝑁
=

𝐹 cos 𝜃−𝑚𝑎

𝑚𝑔−𝐹 sin 𝜃
 

 

 

 

 

 

𝑚 
𝜃 

�⃗� 



c.   If the applied force is large enough (and let’s call the magnitude of this largest 

force 𝐹𝑚𝑎𝑥), the block will lose contact with the horizontal surface.  What is the 

expression for the maximum acceleration 𝑎𝑚𝑎𝑥 that the block can attain just 

before the block loses contact with the horizontal surface?  Hint:  If the block 

loses contact with the surface, which force(s) remain and which force(s) do not? 

 

 

When the block loses contact with the surface, 𝐹𝑁 = 0. 

Vertical forces:  𝐹𝑁 + 𝐹𝑦 − 𝐹𝑤 = 𝐹 sin 𝜃 − 𝑚𝑔 = 𝑚𝑎𝑦 = 0 

   → 𝐹 = 𝐹𝑚𝑎𝑥 =
𝐹𝑊

sin 𝜃
=

𝑚𝑔

sin 𝜃
 

 

 Horizontal forces:  𝐹 cos 𝜃 − 𝜇𝐹𝑁 = 𝐹 cos 𝜃 = 𝑚𝑎𝑥 = 𝑚𝑎 

   → 𝑎𝑚𝑎𝑥 =
𝐹𝑚𝑎𝑥 cos 𝜃

𝑚
=

𝑚𝑔 cos 𝜃

𝑚 sin 𝜃
=

𝑔

tan 𝜃
  

 

 

 

 

 

 

d.  Suppose that, at some point in the motion of the block that the constant, externally 

applied force 𝐹 is suddenly removed.  At the point the applied force 𝐹 is removed 

the mass has acquired a speed 𝑣𝑖.  Derive expressions for how long will it take the 

block to come to rest and how far will the block have been displaced when the 

applied force vanishes?  Assume 𝐹 < 𝐹𝑚𝑎𝑥 for this part. 

 
  

  

 �⃗�𝑓 = �⃗�𝑖 + �⃗�𝑡 → 〈𝑣𝑓𝑥, 𝑣𝑓𝑦 , 𝑣𝑓𝑧〉 = 〈𝑣𝑖𝑥 + 𝑎𝑥𝑡, 𝑣𝑖𝑦 + 𝑎𝑦𝑡, 0〉 

 𝑣𝑓𝑥 = 𝑣𝑖𝑥 + 𝑎𝑥𝑡 → 0 = 𝑣𝑖 − (
𝐹𝑓𝑟

𝑚
) 𝑡 → 𝑡 =

𝑚𝑣𝑡

𝐹𝑓𝑟
=

𝑚𝑣𝑖

𝜇𝐹𝑁
=

𝑚𝑣𝑖

𝜇𝑚𝑔
=

𝑣𝑖

𝜇𝑔
 

 

Then the trajectory gives:  

∆𝑟 = �⃗�𝑖𝑡 +
1

2
�⃗�𝑡2 = 〈𝑣𝑖𝑥𝑡 +

1

2
𝑎𝑥𝑡2, 0,0〉 

 ∆𝑥 = 𝑣𝑖𝑥𝑡 + 1
2
𝑎𝑥𝑡2 = 𝑣𝑖 (

𝑣𝑖

𝜇𝑔
) − 1

2
𝑔 (

𝑣𝑖

𝜇𝑔
)

2
=

𝑣𝑖
2

2𝜇𝑔
 

 

 

Or we could use the time-independent equation of motion: 

𝑣𝑓𝑥
2 = 𝑣𝑖𝑥

2 + 2𝑎𝑥∆𝑥 → 0 = 𝑣𝑖𝑥
2 − 2 (

𝐹𝑓𝑟

𝑚
) ∆𝑥 → ∆𝑥 =

𝑚𝑣𝑖𝑥
2

2𝐹𝑓𝑟
=

𝑚𝑣𝑖𝑥
2

2𝜇𝐹𝑁
=

𝑚𝑣𝑖
2

2𝜇𝑚𝑔
=

𝑣𝑖
2

2𝜇𝑔
 

 

 

 
 

 

 



3.   A train (𝑚𝑇 = 10000𝑘𝑔) travels between two stations, A and B.  The train starts 

from rest at station A and accelerates at a constant rate of �⃗�1 = 〈0.1,0,0〉𝑚

𝑠2  for a time 

𝑡1 at which point the train operator applies the brakes and the train decelerates to rest 

at a rate of �⃗�2 = 〈−0.5,0,0〉𝑚

𝑠2 for a time 𝑡2 coming to rest at station B.  The distance 

between stations A and B is 5𝑘𝑚. 

 

a. How long does it take to bring the train to rest from the point the brakes are 

applied until the train arrives at station B?  That is, what is the time 𝑡2?  Hints:  

Start with the expression for the trajectory for the train and express time 𝑡1 in 

terms of 𝑡2 and assume a standard cartesian coordinate system with the origin at 

station A.  

 

 

The train accelerates from rest to speed in a time 𝑡1 at 𝑎1.   

Thus �⃗�𝑓 = �⃗�𝑖 + �⃗�𝑡 and 〈𝑣𝑓𝑥, 𝑣𝑓𝑦 , 𝑣𝑓𝑧〉 = 〈𝑣𝑖𝑥 + 𝑎𝑥𝑡, 0,0〉. 

In the x-direction: 𝑣𝑓𝑥 = 𝑣𝑖𝑥 + 𝑎𝑥𝑡 → 𝑣𝑓𝑥 = 𝑣 = 𝑎1𝑡1. 

  The train decelerates from speed to rest in a time 𝑡2 at 𝑎2.   

Thus �⃗�𝑓 = �⃗�𝑖 + �⃗�𝑡 and 〈𝑣𝑓𝑥, 𝑣𝑓𝑦 , 𝑣𝑓𝑧〉 = 〈𝑣𝑖𝑥 + 𝑎𝑥𝑡, 0,0〉. 

Again, in the x-direction, 𝑣𝑓 = 𝑣𝑖 + 𝑎𝑥𝑡 → 0 = 𝑣 − 𝑎2𝑡2. 

 

  Therefore, 𝑣 = 𝑎1𝑡1 = 𝑎2𝑡2 and 𝑡1 =
𝑎2

𝑎1
𝑡2. 

 

The trajectory of the train 𝑟𝑓 = 𝑟𝑖 + �⃗�𝑖𝑡 + 1

2
�⃗�𝑡2.  Over 𝑡1, in the x-direction we 

have 𝑥𝑓𝐴 = 𝑥𝑖 + 𝑣𝑖𝑥𝑡 + 1

2
𝑎𝑖𝑡1

2 = 1

2
𝑎1𝑡1

2. Over 𝑡2, in the x-direction we have 𝑥𝑓𝐵 =

𝑥𝑖 + 𝑣𝑖𝑥𝑡 − 1

2
𝑎2𝑡2

2 = 𝑣1𝑡2 − 1

2
𝑎𝑖𝑡1

2.   

  𝑥𝑡𝑜𝑡𝑎𝑙 = 𝑥𝐴 + 𝑥𝐵 = (1

2
𝑎1𝑡1

2) + (𝑣𝑡2 − 1

2
𝑎2𝑡2

2) = 1

2
𝑎1 (

𝑎2

𝑎1
𝑡2)

2
+ 𝑎2𝑡2

2 − 1

2
𝑎2𝑡2

2 

  𝑥𝑡𝑜𝑡𝑎𝑙 =
𝑎2

2

2𝑎1
𝑡2

2 + 1

2
𝑎2𝑡2

2 =
1

2
(

𝑎2
2

𝑎1
+ 𝑎2) 𝑡2

2 

  𝑡2 = √
2𝑥𝑡𝑜𝑡𝑎𝑙

𝑎2
2

𝑎1
+𝑎2

=
√

2×5000𝑚

(0.5
𝑚

𝑠2)
2

0.1
𝑚

𝑠2

+0.5𝑚

𝑠2

= 57.7𝑠 

 

 

 

 

 

 

 

 

 

 

 

 



b. What was the velocity of the train, �⃗�, just before the brakes were applied and how 

long (time 𝑡1) did the train accelerate from station A before applying the brakes? 

 

 𝑣 = 𝑎2𝑡2 = 0.5𝑚

𝑠2 × 57.7𝑠 = 28.9𝑚

𝑠
→ �⃗�𝑓 = 〈28.9,0,0〉𝑚

𝑠
 

 

 𝑡1 =
𝑎2

𝑎1
𝑡2 =

0.5𝑚

𝑠2

0.1𝑚

𝑠2

× 57.7𝑠 = 288.5𝑠 

 

 

 

 

 

 

c. How far from station A was the train when the brakes were applied?  That is, 

what is 𝑟𝑓? 

 

𝑥𝐴 = 𝑥𝑖𝐴 + 𝑣𝑖𝑥,𝐴𝑡 +
1

2
𝑎𝑥𝑡2 =

1

2
𝑎1𝑡1

2 =
1

2
(0.1

𝑚

𝑠2) (288.5𝑠)2 = 4161.6𝑚 

 

 

 

 

 

 

d. What is the force that the brakes need to apply, �⃗�𝐵, to bring the train to rest at 

station B? 

 

 

 �⃗� = 𝑚�⃗�2 = 10,000𝑘𝑔〈−0.5,0,0〉𝑚

𝑠2 = 〈−5000,0,0〉𝑁 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Physics 120 Formula Sheet 

 

General Definitions of Motion   Geometry 

∆𝑟 = 〈∆𝑥, ∆𝑦, ∆𝑧〉 = 〈𝑥𝑓 − 𝑥𝑖 , 𝑦𝑓 − 𝑦, 𝑧𝑓 − 𝑧𝑖〉 𝐶 = 2𝜋𝑟  𝐴𝑐𝑖𝑟𝑐𝑙𝑒 = 𝜋𝑟2;   𝐴𝑟𝑒𝑐𝑡 = 𝐿𝑊  

�⃗� =
∆�⃗�

∆𝑡
= 〈

∆𝑥

∆𝑡
,

∆𝑦

∆𝑡
,

∆𝑧

∆𝑡
〉     𝐴𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 = 1

2
𝑏ℎ;  𝐴𝑠𝑝ℎ𝑒𝑟𝑒 = 4𝜋𝑟2 

�⃗� =
∆�⃗⃗�

∆𝑡
= 〈

∆𝑣𝑥

∆𝑡
,

∆𝑣𝑦

∆𝑡
,

∆𝑣𝑧

∆𝑡
〉    𝑉𝑠𝑝ℎ𝑒𝑟𝑒 = 4

3
𝜋𝑟3;   𝑉𝑐𝑦𝑙 = 𝜋𝑟2ℎ;  𝑉𝑐𝑜𝑛𝑒 = 1

3
𝜋𝑟2ℎ 

𝑑𝑟 = 〈𝑑𝑥, 𝑑𝑦, 𝑑𝑧〉 

�⃗� = 〈𝑣𝑥 , 𝑣𝑦 , 𝑣𝑧〉 =
𝑑𝑟

𝑑𝑡
= 〈

𝑑𝑥

𝑑𝑡
,
𝑑𝑦

𝑑𝑡
,
𝑑𝑧

𝑑𝑡
〉 

�⃗� = 〈𝑎𝑥, 𝑎𝑦 , 𝑎𝑧〉 =
𝑑�⃗�

𝑑𝑡
= 〈

𝑑𝑣𝑥

𝑑𝑡
,
𝑑𝑣𝑦

𝑑𝑡
,
𝑑𝑣𝑧

𝑑𝑡
〉 

 

Motion with constant acceleration 

𝑟𝑓 = 𝑟𝑖 + �⃗�𝑖𝑡 +
1

2
�⃗�𝑡2 → 〈𝑥𝑓, 𝑦, 𝑧𝑓〉

= 〈𝑥𝑖 + 𝑣𝑖𝑥𝑡 +
1

2
𝑎𝑥𝑡2, 𝑦𝑖 + 𝑣𝑖𝑦𝑡 +

1

2
𝑎𝑦𝑡2, 𝑧 + 𝑣𝑖𝑧𝑡 +

1

2
𝑎𝑧𝑡2〉 

�⃗�𝑓 = �⃗�𝑖 + �⃗�𝑡 → 〈𝑣𝑓𝑥, 𝑣𝑓𝑦 , 𝑣𝑓𝑧〉 = 〈𝑣𝑖𝑥 + 𝑎𝑥𝑡, 𝑣𝑖𝑦 + 𝑎𝑦𝑡, 𝑣𝑖𝑧 + 𝑎𝑧𝑡〉 

 

Forces/Momentum     Constants 

�⃗� = 𝑚�⃗�      𝑔 = 9.8𝑚

𝑠2;   𝐺 = 6.67 × 10−11𝑁𝑚2

𝑘𝑔2    

�⃗�𝑛𝑒𝑡 =
𝑑�⃗�

𝑑𝑡
= 𝑚�⃗�     𝑣𝑠𝑜𝑢𝑛𝑑 = 343𝑚

𝑠
;  𝑣𝑙𝑖𝑔ℎ𝑡 = 𝑐 = 3 × 108 𝑚

𝑠
 

�⃗�𝑓 − �⃗�𝑖 = ∫ 𝑑�⃗� = ∫ �⃗�𝑛𝑒𝑡𝑑𝑡    𝑁𝐴 = 6.02 × 1023 

𝐽 = ∫ �⃗�𝑛𝑒𝑡𝑑𝑡 

�⃗�𝑛𝑒𝑡 = �⃗�∥ + �⃗�⊥ =
𝑑�⃗�

𝑑𝑡
�̂� + �⃗�

𝑑�̂�

𝑑𝑡
= 𝑚�⃗�∥ + 𝑚�⃗�⊥ 

|�⃗�⊥| = 𝑚|�⃗�⊥| = 𝑚
𝑣2

𝑟
 

�⃗�𝐺 = 𝐺
𝑀1𝑀2

𝑟12
2 �̂�12 → |�⃗�𝐺| = 𝐺

𝑀1𝑀2

𝑟12
2  

�⃗�𝐺 = 𝑚�⃗�;   �⃗� = 𝐺
𝑀𝑐𝑏

(𝑅𝑐𝑏 + ℎ)
�̂� 

|�⃗�𝑓𝑟| = 𝜇|�⃗�𝑁| 

�⃗�𝑠 = −𝑘∆𝑟 

 

Vectors 

𝐶 = 𝐴 + �⃗⃗� → 〈𝐶𝑥, 𝐶𝑦 , 𝐶𝑧〉 = 〈𝐴𝑥 + 𝐵𝑥, 𝐴𝑦 + 𝐵𝑦 , 𝐴𝑧 + 𝐵𝑧〉 + 〈𝐶𝑥, 𝐶𝑦 , 𝐶𝑧〉;    |𝐶|⃗⃗ ⃗⃗ ⃗⃗ = √𝐶𝑥
2 + 𝐶𝑦

2 + 𝐶𝑧
2 

𝐴 ∙ �⃗⃗� = |𝐴||�⃗⃗�| cos 𝜃 = 𝐴𝑥𝐵𝑥 + 𝐴𝑦𝐵𝑦 + 𝐴𝑧𝐵𝑧 

𝐴 × �⃗⃗� = |𝐴||�⃗⃗�| sin 𝜃 = 〈𝑎𝑦𝑏𝑧 − 𝑏𝑦𝑎𝑧 , 𝑎𝑧𝑏𝑥 − 𝑏𝑧𝑎𝑥, 𝑎𝑥𝑏𝑦 − 𝑏𝑥𝑎𝑦〉 

 

 



Work and Energy 

𝑊𝑇 = ∫ 𝑑𝑊𝑇 = ∫ �⃗� ∙ 𝑑𝑟 = ∆𝐾𝑇 =
1

2
𝑚𝑣𝑓

2 −
1

2
𝑚𝑣𝑖

2 =
𝑝𝑓

2

2𝑚
−

𝑝𝑖
2

2𝑚
 

𝑊𝑅 = ∫ 𝑑𝑊𝑅 = ∫ 𝜏 ∙ 𝑑�⃗� = ∆𝐾𝑅 =
1

2
𝐼𝜔𝑓

2 −
1

2
𝐼𝜔𝑖

2 =
𝐿𝑓

2

2𝐼
−

𝐿𝑖
2

2𝐼
 

𝑊𝑛𝑒𝑡 = 𝑊𝑇 + 𝑊𝑅 = ∆𝐸𝑠𝑦𝑠 = {
0

𝑊𝑓𝑟
 

𝑊𝑛𝑒𝑡 = − ∑ ∆𝑈 = ∆𝐾𝑇 + ∆𝐾𝑅 

𝑈𝑔 = 𝑚𝑔𝑦 

𝑈𝑠 =
1

2
𝑘𝑥2 

 

Rotational Motion 

𝑠 = 𝑟𝜃 → 𝑑𝑠 = 𝑟𝑑𝜃 
𝑑𝑠

𝑑𝑡
= 𝑟

𝑑𝜃

𝑑𝑡
→ 𝑣 = 𝑟𝜔;   𝜔 =

𝑑𝜃

𝑑𝑡
 

𝑎 =
𝑑𝑣

𝑑𝑡
= 𝑟

𝑑𝜔

𝑑𝑡
= 𝑟𝛼;    𝛼 =

𝑑𝜔

𝑑𝑡
=

𝑑2𝜃

𝑑𝑡2
 

𝜃𝑓 = 𝜃𝑖 + 𝜔𝑖𝑡 +
1

2
𝛼𝑡2 

𝜔𝑓 = 𝜔𝑖 + 𝛼𝑡 

𝜔𝑓
2 = 𝜔𝑖

2 + 2𝛼∆𝜃 

 

Rotational Forces/Momentum 

𝜏 = 𝑟 × �⃗� =
𝑑�⃗⃗�

𝑑𝑡
= 𝐼�⃗� 

|𝜏| = 𝑟𝐹 sin 𝜃 = 𝑟⊥𝐹 = 𝑟𝐹⊥ 

�⃗⃗� = 𝐼�⃗⃗⃗� 

𝐼 = ∫ 𝑟2𝑑𝑚 

�⃗⃗�𝑓 = �⃗⃗�𝑖 + ∫ 𝜏𝑛𝑒𝑡𝑑𝑡 

 

 

 
Some moments of inertia from Halliday, Resnick, & Walker, 10th edition. 


