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1. Griffith’s 6.2 
a. The unperturbed energies of the harmonic oscillator are:  En
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ω = k
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.  Thus the 

first order correction to the energies are given by 
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b. We need to determine En
1 = ψ n

0 H 'ψ n
0 , so we need to determine the Hamiltonian that 

describes the perturbation.  Starting with the Hamiltonian we have 

H = H 0 + H ' = p2

2m
+ 1
2
mω '2 x2 = p2

2m
+ 1
2
mω 2 1+ ε( )x2 = p2

2m
+ 1
2
mω 2x2 + 1

2
mω 2εx2

→ H 0 = p2

2m
+ 1
2
mω 2x2

→ H ' = 1
2
mω 2εx2 = εV

 

Therefore we need to evaluate En
1 = ψ n

0 H 'ψ n
0 = ε ψ n

0 Vψ n
0 .  To do this, we use 

Griffith’s example 2.5 on page 49.  The raising and lowering operators are given as 

 

 

a+ =
1

2m!ω
−ip +mω x( )

a− =
1

2m!ω
ip +mω x( )

 

Adding these two expressions together we can form a representation of the position 

operator.  Squaring this we get 
 
x2 = !

2mω
a+ + a−( )2 = !

2mω
a+a+ + a+a− + a−a+ + a−a−( ) . 

Thus we get 
 
En
1 = ψ n

0 H 'ψ n
0 = ε!ω

4
ψ n

0 a+a+ + a+a− + a−a+ + a−a−( )ψ n
0 . 

Expanding this we get: 

 
En
1 = ε!ω

4
ψ n

0 a+a+ψ n
0 + ψ n

0 a+a−ψ n
0 + ψ n

0 a−a+ψ n
0 + ψ n

0 a−a−ψ n
0⎡⎣ ⎤⎦ . 

Using equation 2.66 (a+ ψ n
0 = n +1ψ n+1

0  and a− ψ n
0 = n ψ n−1

0 ) we can evaluate each 
term in the above expression. 



ψ n
0 a+a+ψ n

0 = c ψ n
0 ψ n+2

0 = 0 with constant c and the fact that the states are orthogonal. 

ψ n
0 a+a−ψ n

0 = n ψ n
0 a+ψ n−1

0 = n n ψ n
0 ψ n

0 = n  

ψ n
0 a−a+ψ n

0 = n +1 ψ n
0 a−ψ n

0 = n +1 n +1 ψ n
0 ψ n

0 = n +1  

ψ n
0 a−a−ψ n

0 = c ψ n
0 ψ n−2

0 = 0  with constant c and the fact that the states are orthogonal. 
Now we can evaluate the first order correction to the energy: 

 
En
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4
0 + n + n +1+ 0[ ] = ε!ω

4
2n +1( ) = ε!ω

2
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2
⎛
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2. Griffith’s 6.14 

The first order corrections to the energies are given by: En
1 = ψ n

0 H 'ψ n
0 where 

H ' = − p4

8m3c2
.  Thus, En

1 = − 1
8m3c2

ψ n
0 p4ψ n

0 .  We’ll use the raising and lowering 

operators defined in chapter 2.  Here we need to subtract a− from a+ to determine 

 
p = 2m!ω

2
i a+ − a−( ) .  Squaring this we get: 

 
p2 = 2m!ω

4
i a+ − a−( )× −i a+ − a−( )⎡⎣ ⎤⎦ =

m!ω
2

a+a+ − a+a− − a−a+ + a−a−( ) . 

Then we square this to get p4 .  We have: 

 

p4 = m
2!2ω 2

4
a+a+ − a+a− − a−a+ + a−a−( )2

= m
2!2ω 2

4
a+a+a+a+ − a+a+a+a− − a+a+a−a+ + a+a+a−a−[

− a+a−a+a+ + a+a−a+a− + a+a−a−a+ − a+a−a−a−
− a−a+a+a+ + a−a+a+a− + a−a+a−a+ − a−a+a−a−
+a−a−a+a+ − a−a−a+a− − a−a−a−a+ + a−a−a−a− ]

 

 
This looks intimidating, but most terms will vanish.  In fact when I form the inner product to 
determine the corrections to the energies any term that doesn’t have two raising and two 
lowering operators will yield an inner product between to orthogonal states.  Thus those terms 
will vanish.  So I’m going to cancel these immediately before I proceed farther.  What we have 
left to evaluate is: 

 
En
1 = − m

2!2ω 2

32m3c2
ψ n

0 a+a+a−a− + a+a−a+a− + a+a−a−a+ + a−a+a+a− + a−a+a−a+ + a−a−a+a+{ }ψ n
0  

Using the relations for the raising and lowering operators from problem 5: 
a+a+a−a− ψ n = a+a+a− n ψ n−1 = n n −1a+a+ ψ n−2

= n n −1( )a+ ψ n−1 = n n −1( )ψ n

 

a+a−a+a− ψ n = a+a−a+ n ψ n−1 = na+a− ψ n

= n na+ ψ n−1 = n2 ψ n

 

a+a−a−a+ ψ n = a+a−a− n +1ψ n+1 = n +1( )a+a− ψ n

= n n +1( )a+ ψ n−1 = n n +1( )ψ n

 



a−a+a+a− ψ n = a−a+a+ n ψ n−1 = na−a+ ψ n

= n n +1a− ψ n+1 = n n +1( )ψ n

 

a−a+a−a+ ψ n = a−a+a− n +1ψ n+1 = n +1( )a−a+ ψ n

= n +1( ) n +1a− ψ n+1 = n +1( )2 ψ n

 

a−a−a+a+ ψ n = a−a−a+ n +1ψ n+1 = n +1 n + 2a−a− ψ n+2

= n +1 n + 2( )a− ψ n+1 = n +1( ) n + 2( )ψ n

 

And now we determine the first order corrections to the energies. 

 

En
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There is a second way to do this problem.  The relativistic corrections are also given by 

Er
' = − 1

8m3c2
En
0( )2 − 2En

0 ψ n
0 Vψ n

0 + ψ n
0 V 2ψ n

0⎡
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⎤
⎦ .  From example 2.5 on page 49 of 

Griffith’s text, 
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0 Vψ n
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0 .  The potential 

energy for the harmonic oscillator is given by V = mω
2

2
x2 and thus V 4 = m

2ω 4

4
x4  

Using the raising and lowering operators defined above, we add a− and a+ to determine 

 
x = !

2mω
a+ + a−( ) .  Squaring this we get: 

 
x2 = !

2mω
a+ + a−( )× a+ + a−( )⎡⎣ ⎤⎦ =

!
2mω

a+a+ + a+a− + a−a+ + a−a−( ) . 

Then we square this to get x4 .  We have: 
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Thus 
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Evaluating this as above we get 
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3. Griffith’s 6.17 

To derive equation 6.66 using equations 6.57 (the relativistic correction) and 6.65 (the 
spin-orbit correction) we look at two cases: j = l + s = l + 1

2  and j = l − s = l − 1
2 . 

 
Case i:  j = l + 1

2 .   

The relativistic correction, equation 6.57: Er
1 = −

En
0( )2

2mc2
4n
l + 1

2

− 3⎛
⎝⎜

⎞
⎠⎟
= −

En
0( )2

2mc2
4n
j
− 3⎛

⎝⎜
⎞
⎠⎟

. 

The spin-orbit correction, equation 6.65: 
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Evaluating the expression in brackets we have 
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Adding the relativistic correction and the spin-orbit correction we get 
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common denominator for the first two terms we get En
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Case ii:  j = l − 1
2 .   

The relativistic correction: Er
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The spin-orbit correction: 
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Factoring out a negative sign and getting a common denominator for the first two 

terms we get En
1 =
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j + 1
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4. Griffith’s 6.18 
Bohr model:   

 
The Energies of the states are determined on Mathematica and the code is attached below.

  

En = −13.6eV
n2

ΔE32 = E3 − E2 = −13.6eV 1
32

− 1
22

⎡
⎣⎢

⎤
⎦⎥
= 1.89eV × 1.6 ×10

−19 J
1eV

= 3.022 ×10−19 J

ΔE32 = hυ →υ = ΔE32
h

= 3.022 ×10
−19 J

6.63×10−34 Js
= 4.56 ×1014 s−1

c =υλ → λ = c
υ
= 3×108 m

s

4.56 ×1014 s−1
= 6.58 ×10−7m = 658nm

 
 

 


