Rotational Dynamics

Example 1:

Consider a pulley of radius Rp = R and mass M,,. A light string is wound around the
outer edge of the pulley and a mass m; is suspended.

The mass m, is released from rest and is allowed to fall through a height of |Ay| = h.

* What is the torque created about the axis of rotation of the pulley due to the falling
mass?

* What is the angular acceleration a of the pulley about the axis of rotation due to the
falling mass?

*  What 1s the rotational speed w of the pulley about its center if the mass m, has fallen
through a height h from rest?

* Through how much angle 6 has the pulley spun if m; has fallen through a height
h from rest?




Rotational Motion

Example 1 Solution:

» Since the mass m; falls vertically, a force 1s exerted on the outer edge of the pulley.

» This force is the tension force that is created in the rope due to the suspended mass
falling.

We’ll draw the forces that act on the mass and the pulley.

* The tension force applied at the outer edge of the pulley produces a counterclockwise
rotation of the pulley due to a torque created about the center of the pulley (The axis
of rotation) and in the last lecture we said that counterclockwise rotations we’ll take as
a positive.

» The tension force i1s applied tangentially to the outer edge of the pulley, and this makes
the angle between the moment arm (the distance from the axis of rotation about the
center of the pulley) and the applied force 8 = 90°.

* The torque produced on the pulley by the tension force is then:

T =71Frsin@ = RF;sin90 = RF;




Rotational Motion

Example 1 Solution continued:

The external torque causes the pulley to accelerate about the axis of rotation. By Newton’s
laws of motion, we have:

T=RFT=Ip0£

Ip 1s the moment of inertia of the pulley and we look up the moment of inertia for a

cylinder (or a disk) that is rotate about an axis through its center. Looking up the moment Tf

of inertia from our textbook in figure 8.20 on page 210: -

I —1MR2
p = 5P

The angular acceleration () about the axis of rotation is in the direction of the external v Fr
torque (counterclockwise about the axis of rotation) and is positive with a magnitude of: * y
T RF F, l
T=lasa=—=3 d w

I
P 7MPRZ

The one thing we don’t know yet is the tension force, Fr.

To determine the tension force, we again look at the other object in the problem and use
Newton’s laws for a translating mass.



Rotational Motion

Example 1 Solution continued:

There 1s nothing else associated with the pulley that will allow me to determine the
tension force, Fr. Examining the other object in the system, mass m,will give an
expression for Fr.

Taking vertically up as the positive y-direction, we have for the forces that act on
mass m;, the tension force is:

T,
Fr—Fy =Fr—mg=ma, =—ma S
Fr
—  Fr=myg —mya
The vertical acceleration of the mass m; is in the negative y-direction and let’s call H ﬁT 1
the magnitude simply |51y| = a.
Y my
The angular acceleration of the pulley about its axis of rotation is then: ﬁW l

T RFy  R(myg —mya)
1 - 1

EMPRZ EMPRZ

However, we have to relate the translational acceleration of the falling mass (a) to
the angular acceleration of the pulley about the axis of rotation ().




Rotational Motion

Example 1 Solution continued:

Since the rope comes off the outer edge of the pulley the tangential acceleration of
a piece of rope (a) is related to the angular acceleration (@) of the pulley about the
axis of rotation and where you want to evaluate the tangential acceleration, at the

outer edge of the pulley, R.

Thus, we have a = Ra and the angular acceleration « is:

T,
_ T _ RFr _ R(myg-mya) _ R(myg—m,Ra) N
A=, =1 2 1 2 - 1 2 F
Ip —MpR —MpR —~MpR T ¢
2 2 2
&
Thus, we have a = Ra and the angular acceleration is, after some algebra: a1
it T
. my 9 This is dimensionally ¥ "y
11 E correct and seems R l
My +my reasonable. Fy,
a = e 9.9 - a~g a = e g 0—-a~0
lm +m R R lm +m R
27D 1 2'Mp 1



Rotational Motion

Example 1 Solution continued:
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Example 1 Solution continued:




Rotational Motion

Example 1 Solution continued:




Rotational Dynamics

Example 2:

Suppose a box of mass m; = 2kg is connected to a box of mass m, = 1kg by a light rope that is passed over a massive
pulley (m, = 250g and 1, = 2.5cm). The system is released from rest and m, is allowed to fall through a height of |Ay| =

1m.

» Using forces/torques what is the translational acceleration of the system. ?

* How long does it take for mass m; to move a horizontal distance of 1m
from rest?

* Using this time, what is the translational speed of mass m; and the
rotational speed of the pulley?

* Through how many radians did the pulley turn? How many revolutions is
this?

* Using the distance moved by mass m,, what is the is the translational
speed of mass m, and the rotational speed of the pulley?



Rotational Dynamics

Example 3:

Suppose a box of mass m; = 2kg is connected to a box of mass m, = 1kg by a light rope that is passed over a massive
pulley (m, = 250g and 1, = 2.5cm). The system is released from rest and m, is allowed to fall through a height of |Ay| =
1m.

* How much work was done on mass m4?

* How much work was done on mass m,?

* How much work did it take to spin the pulley?

* Using the work-kinetic energy theorem, what is the translational speed of
mass m,?

* Using energy ideas what is the translational speed of mass m,?



Rotational Dynamics

Example 4:

Suppose a box of mass m; = 2kg is released from rest and allowed to fall
through a height of |Ay|. Assume m; is connected to a mass m, = 1kg by a
massless rope that passes over a massive pulley with mass m, = 0.25kg and
radius 1, = 0.1m. This arrangement of masses is called an Atwood machine.

» Using forces/torques, what is the magnitude of the translational acceleration of
the system of masses?

* How does this compare this to the case if the pulley was massless. What does
this imply about the tension forces on the right and left side of the pulley?

* Using energy ideas, what is the translational speed of the masses m; and
m,, after m, has fallen by an amount |Ay| = y = 1.0m, from rest?

* What is the rotational speed w of the pulley after after m; has fallen by an
amount |Ay| = y = 1.0m, from rest?

e Through how much angle A@ (in radians) has the pulley rotated after m, has
fallen by an amount |Ay| = y = 1.0m, from rest?

|Ay|




Rotational Motion

Example 4 Solution:

When we started forces a while ago, we said that if the pulley has no mass, then
the tension forces on either side of the pulley were the same, without any
justification or proof.

Of course, in order for the pulley to spin in some particular direction the tension
forces cannot be equal to each other in magnitude. Depending on which way
the pulley spins, one of the tension forces in the ropes must be greater than the
other.

We’re now able to prove the assumption that if the pulley has no mass, then the
tension forces are equal. Of course, for the pulley to spin they cannot be equal
and of course, there’s no such thing as a massless pulley.

Ayl
Since the pulley is massive, let’s call the tension force in the rope on the left

side of the pulley ﬁ'TL and the tension force in the right side of the pulley ﬁ'TR.

FTR




Rotational Motion

Example 4 Solution continued: ]

;< VR

*  We have to start somewhere, so let’s start with m;.

» The forces that act on m, in the vertical direction from Newton’s laws of Fry Frr
motion:

Frp, —Fy, = Fpp, —myg = —mya - Fpp =myg —mya 4 ‘y
X

* The forces that act on m, in the vertical direction from Newton’s laws of
motion: my

Frp — Fy, = Frp —myg = mya - Frp = myg + mya

: : : F m;
* These two expressions both contain an unknown acceleration and two | Ayl \ W1
unknown tension forces. To determine the tension forces let’s look at the

torques about the axis of rotation of the pulley. Again, we take that
counterclockwise rotations are positive. Fy,

1
T, + Tp = T b SIN90 — 1, Frp Sin90 = 1 Fpp — 1y Fpg = Ly, = (—mprp2> a



Rotational Motion

Example 4 Solution continued:

The tangential acceleration of a piece of string off the edge of the pulley (a)
is related to the angular acceleration of the pulley about the axis of rotation
(a) and where we want to calculate the acceleration (at the outer edge of the
pulley at r,) by a = r,a.

Substituting this into our equation for the torques we can solve for the
difference between the left and right tension forces.

1 5 1 .\ a
TpFTL - TpFTR - Ipap - Emprp a = Emprp r_
p

- 1
FTL - FTR —_— :mpa

=

Here the difference in the tension forces on either side of the pulley cause
the pulley to rotate. Here the pulley rotates counterclockwise (as m, falls)
thus FTL > FTR‘

In addition, if the pulley is massless (m,, = 0) we see that Fr;, = Frp = Fr,
which was our original assumption back in chapter 4.

e MR
ﬁTL Frr
-
F)TL X

ml A
FTR

ﬁ' m,

|Ay| \ "1

VVFWZ




Rotational Motion

1y
. o continaed: r N
xample 4 Solution continued:
* Now we can solve for the acceleration of the system. .
1 Fr; | Frr
FTL - FTR = Empa
1 y
(myg —mya) — (myg + mya) = SMya R ‘
m; —m, FTL x
— > |a= 1 9
my + m, + 7mp mq A
. Frg
* If the pulley was massless (m,, = 0), the acceleration is
the same as that we calculated previously when we F m,
i . |Ay]| Wi
assumed that the tension forces were the same in the rope. y
» Since forces and torques are constant we can use our 7
time-independent equation of motion to determine the |

speed of the system of masses.

* We’ll come back again and re-solve this problem using

m; —m
2 _ .2 _ 1 2
Vfy = Vi, + 20,4y = Vg, = 2( T
conservation of energy.




Rotational Motion

Example 4 Solution continued:

The acceleration of the system:

B my; —m, B 2kg — 1kg 98m_314m
“‘( 1 )g_ 2kg + 1kg + 0.5-0.25kg) ~~s2 T 's2

m4 + m, + 7mp

The speed of the of the system of masses:

m1 - m2 m m
Vpy = |2 T glAy = \/2 +3.14— - 1m = 2.5—
m1 + mZ + imp S S

|Ayl

VR

FTR




Rotational Motion

Example 4 Solution continued:

The acceleration of the system:

B my; —m, B 2kg — 1kg 98m_314m
“‘( 1 )g_ 2kg + 1kg + 0.5-0.25kg) ~~s2 T 's2

m4 + m, + 7mp

The speed of the of the system of masses:

m1 - m2 m m
Vpy = |2 T glAy = \/2 +3.14— - 1m = 2.5—
m1 + mZ + imp S S

|Ayl

VR

FTR




Rotational Motion

TR
Example 4 Solution continued: v \
By conservation of energy, we can calculate the speed of either m; falling or m, rising. .
0 Frp | Frg
AEsysiem = Wiy = MKy + AUy, + AK, + AU, + AKy + AU
y
1 2 1 2 15 S | ‘
0= Emlvf—O + (0 —mygy) + Emzvf—o + (m,gy — 0) + Elwf—O E. x
To determine the translational speed, we relate the translational speed of the string
coming off the left side of the pulley (or onto the right side of the pulley) to the my 4
rotational speed of the pulley by vy = 1, wy. ﬁTR
L r2 Ayl \le s
1 2MpTp N
(my —my)gy = 5\ M +m; + 147
p
Fw,

ml - m2 m m
vy = |2 — g8y = [2-3.045 - 1m = 2.5~
mq + m, +§mp




Rotational Dynamics

Example 5:

Suppose a box of mass m; = 2kg is released from rest and allowed to fall
through a height of |Ay| = 1.0m. Assume m; is connected to a mass m, =
1kg by a massless rope that passes over a massive pulley with mass m, =
0.25kg and radius ,, = 0.1m.

* Using the acceleration calculated in the last problem, how long does it take
for mass m, to fall through |Ay| = 1.0m starting from rest?

* What are the translational speed of the system of masses m,; and m, and the
rotational speed of the pulley after this time? Do this two ways.

* How many revolutions has the pulley spun through when mass m; has fallen
by |Ay| = 1.0m? Use the time calculated above and do it two ways.




Rotational Motion

Example 5 Solution:

T .
Since the net force (and torque) are constant let’s use our equation of motion for 's \ R
constant acceleration to determine the motion parameters.
The translational acceleration of the system of masses is: ﬁ'TL ﬁTR
my; —m, 2kg — 1kg
my +my +5my, 2kg + 1kg + 7(0.25kg) 1 ‘
F X
The time it takes m; to fall through a height of |Ay| = 1.0m starting from rest can Tt
be determined from the vertical trajectory equation of motion. m, ‘
0 o 1 A% 2X1m Frr
%=yi+viyt+—ayt —>t= |—/—= =
2 ay  |3.14— 7 m,
> Ayl "1
The translational speeds of masses and can be found in two ways. One using the
time-dependent equation of motion and two, using the time-independent equation of -
motion. FWZ

Vry = Uiy + ayt - |vfy| = |ay|t = 3. 14—><O 8s = 2. 51—

m
vfy = vly + 2a,Ay = vpy = /2ayAy \/2x3.14;><1m = 2.51?




Rotational Motion

Example 5 Solution continued:

: . . e MR

* The rotational speed of the pulley can be determined in three ways.

* The first method is to use the relation between the tangential speed of the rope off ) .
of the edge of the pulley (which equals the translational speed of the masses) and Fr; Frp
the radius of the pulley, 7,. 1

v 2.5 1% rad y
v:Tp(,()—)(l):—: :25_1— A
mn  0.1m S ﬁTL ‘ > x

e The second and third methods rely on the angular acceleration of the pulley ()
and the angular displacement of the pulley, Af. my )\

* The angular acceleration of the pulley is related to the translational acceleration of Frr
a piece of rope off of the edge of the pulley (at 7,). P m,

Ay "
rad
a 314T rad
a=rpa—>a=—=T=314—2 >
Ty Am S Fy,




Rotational Motion

Example 5 Solution continued:

* The second method to determine the rotational speed of the pulley is by using e \TR
the time-dependent rotational velocity equation of motion.
ad ad n =
wf—cf+at—>a)f—at—314—><08s—251T Fry "FTR
e The third method is by using the time-independent velocity equation of motion.
I)’
2 0 . A
wr = q/? + 2alA0 - wf = V2alb Frp X
my A
* Here we need to know how much angle A8 the pulley has rotated through. 7
TR
* The angular displacement A8 of the pulley about its axis of rotation can be \ ﬁW m,
determined in two ways. |4y '
* One is using the relation between the amount of rope that comes off of the F
edge of the pulley and the radius of the pulley. IRLE




Rotational Motion

Example 5 Solution continued:

Relating the amount of rope that comes off the pulley to the rotational
displacement of the pulley we have:

y 1.0m
S=y=rp9—>9=g=m=10rad

This equates to some number of revolutions of the pulley. To determine the
number of revolutions, we note that every 2w rad the pulley makes one
revolution.

1lrev

#revolutions = 10rad X = 1.59revolutions

2nrad
We could also have calculated the angular displacement of the pulley using our
angular trajectory equation of motion.

0
1 1 1 rad
0 =0, + cu[t +§at2 - Af = Eatz = §<31.4S—2 (0.85)? = 10rad
And lastly, the third method to determine the rotational speed of the pulley was

by using the time-independent velocity equation of motion.

rad rad
X10rad = 25.1

(‘2 (el

0
wf = a/l; + 2a00 > w; = V2aAf = [2x31.4

(37
s N
ﬁTL FTR
Ii;
ﬁ TL x
mq A
Frg
F m;
|Ay| \ "
FW2




Rotational Dynamics
Example 6:

The expressions that we’ve been using for the moment of inertia of various
objects in solving problems we’ve taken from Table 7.1 on page 226 of KJF
College Physics: A Strategic Approach, Volume 1. These moments of inertia
are experimentally determined. To experimentally determine the moment of
inertia of an object, we use this apparatus on the right. Here, we’ll
determine an expression for the moment of inertia of a disk. Consider a
disk of radius R and mass M mounted on a frictionless axle. A light string is
wound around the three-stage spool and let the spool around which the
string is wound has a radius 7;. A set of masses are used to create different
torques about the spool. Each separate mass (my,) is attached to the free end
of the string and is released from rest. Each hanging mass on the end of the
sting falls through a height y. The pulley in the system is considered
massless (or at least so much less in mass than any other mass in the
system).

 Using the forces and torques that act in the system, what is the
expression for the moment of inertia of the disk?

* Using energy ideas, determine an expression for the moment of inertia of
the disk.

pulley
< disk \l/
% 3-stage spool string i @g

<— axle

<— A-frame base

tableclamp ——=

mass set — g mp

https://www.chegg.com/homework-hel p/questions-and-answers/draw-side-view-
equipment-draw-vel ocity-accel eration-vectors-weight-add-tangential-vel ocity-
q24579747




Rotational Dynamics

Example 6 Solution :

pulley

<— disk

T
Ts 3-stage spool string/ %

<— axle

- Conservation of Energy

\ S A-frame base

Let’s first solve this problem by using torques and forces.

table clamp ——

We’ll redraw the system (below right) so that we can see
how the forces act in the system. This is a combination of e sat
an Overhead VIGW (Of the SPOOI/ aXle) and a face on VIGW Of https://www.chegg.com/homework-help/questions-and-answels/draw-side-vie\;/-

equipment-draw-vel ocity-accel eration-vectors-weight-add-tangential-vel ocity-

the hanging mass. qR4579747

The tension force that acts on the spool creates a torque on

: : .. : ) F
the system and causes it to spin. This in turn spins the disk L
connected to the axle and the system accelerates about the /Q).
axis of rotation (which is parallel to the center of the axle). ﬁTR
pulley
T = —1,Fr; sin@ = —1,Fy; sin90 = —1,Fr;, = —Ipa t.
Clockwise rotations are negative F TR

In order to calculate the moment of inertia of the system
(Ip) we need to know the expression for the tension force in ﬁw
the string Fr; and the angular acceleration of the system, «.

mp

4




Rotational Dynamics
- Conservation of Energy

Example 6 Solution continued:

* To determine the tension force that acts on the spool, let’s look
at the pulley.)

* The tension forces on either side of the pulley cause the pulley
to rotate (clockwise) about the axis of rotation of the pulley.
Assuming that the pulley has a radius 7, and taking
counterclockwise as the positive direction for the torque we
have

1
T, — Tg = TpyFp, — 1 Frgp = La = <Emprpz> a
* We assume that the pulley’s mass is very small so that m,,~0.

0
— — — (1 2) oy — — —
T, —Tgp = T‘pFTL — rpFTR - Ipa — (E%prp ) a=0- T, = Tp FTL — FTR

* To determine the tension in the right side of the pulley, Frg (which is the
tension force in the string) we look at the forces that act on the hanging
mass.




Rotational Dynamics

- Conservation of Energy

Example 6 Solution continued:

The tension in the right side of the pulley, Frp assuming a standard

. . FTL
cartesian coordinate system: 4 Z
Frp — Fy = Frp —mpg = —mpa Frg
pulley
—  Frp=mpg —mpa 1.
: : : Frg
Since Frp = Fr; we have in our equation for the torque about the
axle: my
T=—1.Fr; = —1-(Mmpg —mya) = —Ipa =
st s\Mpg h D Fol vy

The tangential acceleration of the piece of string off of the edge of the

spool is related to the angular acceleration of the axle about its axis of

rotation by a = r;a.

For a given my, a measurement of the acceleration a of the hanging
mass my, will let us determine the moment of inertia of the disk, Ij.

a g
— pu— pr— — — 2 _——
Ts (mhg mha) _ IDa T ID (7‘ > - ID — MnTs (a 1) Notice also that all moments of inertia look like the product of a
s constant and mr?, which is the form we have here.




Rotational Dynamics

- Conservation of Energy

Example 6 Solution continued:

Now let’s solve this problem by using energy ideas.

As the hanging mass falls the string connecting the hanging mass and
the axle pulls on the axle and the axle with the disk begins to spin.

We’ll apply conservation of energy (assuming there’s no work done by
any frictional torques in the axle).

The system starts from rest translationally (v; = 0) and rotationally
(w; = 0).

The disk does not translate through space or change height, it only
rotates. Thus, AKrp = 0, AUyp = 0, and AKgp # 0.

The hanging mass falls and translates. For the hanging mass we have
AKrm, # 0and AUy, # 0.

pulley




Rotational Dynamics
- Conservation of Energy

Example 6 Solution continued:

0 pulley
AE = AKgp + AKrp, + AUy, + 4\(65 =0
0 0 0
1 1 4‘ 1 1
AE = (EIDCU]% —5lb 12> + <Emhng - §m4]1,2> + (mhé;f —mpgy;) =0
* The translational speed vy of the hanging mass as it falls is related to the
rotational speed wy of string off of the spool at the spools radius 7;, by vy = r;wy.
* Our statement of conservation of energy is therefore: Vr l

1,1 1 (v 1,
AE=§IDwf +Emhvf—mhgyi=§ID Ts +Emhvf—mhgy=0

* Solving for the moment of inertia of the disk we find:
For a given m;, a measurement of the translational speed vy of the

2 hanging mass mj will let us determine the moment of inertia of the
— 2 [ Yr disk, Ip.
Ip =mpyrs|{——1
29y
Notice also that all moments of inertia look like the product of a

constant and mr?, which is the form we have here.




Rotational Dynamics

Example 7:

We’re in a position now to talk about why objects roll. Consider several objects (a hoop, a solid cylinder, and a solid
ball) each of mass m and equal radii 7y40p = Tcytinder = Tvau = 7~ All the objects are placed on an incline (oriented at
an angle of inclination 6 measured with respect to the horizontal) and released from rest both translationally and
rotationally. Static friction between the object and the ramp 1s responsible for the rolling motion of the object, due to a
torque created about the center-of-mass of the object. If it were not for friction, there would be no motion except for

sliding down the incline by the object. We need static friction (which acts at a point) to cause the object to turn on its
axis.

* What is the expression for the translational acceleration of each of the objects?

 What is the speed of each of the objects at the bottom of the incline if each object starts from rest and covers a
distance d along the incline. Do this using forces/torques and then using energy.

* What is the order of arrival of the objects at the
bottom of the incline? Which gets there first,
second and third? Or do they all get there at the d
same time?




Rotational Motion

Example 7 Solution:

In the absence of friction, the objects slide down the ramp. They would not roll. Friction creates a torque in the
system, and the net external torque causes the objects to rotate.

Let’s put the forces that act on the system on our diagram.

Assuming a tilted coordinate system and applying Newton’s laws of motion parallel to the incline we get:
—Frr s + Fyy = —Fpr s + mg sin@ = ma,

Now, each object is momentarily at rest at each point along the incline
with respect to the incline where the object touches the incline.

The force that causes the torque is static friction.

Now, I don’t know if the force of static friction here can be written as
the product of the coefficient of friction and the normal force or not.

Since we’re dealing with rolling motion, maybe it can be, maybe it
can’t. Let’s just leave it as ﬁf,ﬂ,s. In the end, it turns out that it won’t
matter.



Rotational Motion

Example 7 Solution continued:

* The torque created by the static frictional force is clockwise in direction (by the right-hand rule, taken
as negative) and is given by:

T=rFsin¢g = —rFp sin90 = —rFs,. ¢

* The torque, by Newton’s laws of motion is related to the moment of inertia (/) and the angular
acceleration of the object about the axis of rotation ().

* Further, the angular acceleration of the object about the axis of rotation (&) is related to the

acceleration of the system down the inclineby a = ra — a = %

a -
T=Ia—>—rFfr,S=—Ia=—I; d fFN
* We can replace the static frictional force in terms of the acceleration of the P

object down the incline and solve for the acceleration of the object down frs
the incline.

q g sinf Fy

~Fpps + mgsind = —I—+mgsing =ma —— |4~ i
' o




Rotational Motion

Example 7 Solution continued:

We can write expressions for the acceleration of each object down the incline, where we look up the moment of inertia
from figure 8.20 for the hoop (rotated about an axis through its center), cylinder (rotated about an axis through its
center), and ball (rotated about any axis through its center).

gsinf 1 gsinf 2 gsiné 5
Ahoop = 5 — 79 S1n 0 Acylinder = = =g sin6 Apall = =-gsin6
mr2 2 1 ., 3 2 o, 7
1+—— Smr EMr
mr? 1 +2 1+ 2
mr? mr?

Since the acceleration 1s constant (due to the forces and torques being constant) we can calculate the speed of each
object at the bottom of the incline. Let’s use the time-independent equation of motion.

Vi = Vi 4 2a,0x - vp =V 2ad A

[

_ ; p
Vfx,hoop = \/2 X=gsinf Xd = «/gd sin @ fr.s

2 4
Vfx,cylinder = |2X7gsinf Xd = /;gd sinf = 1.15vp,,, Fy

V J
. 10 6
_Vfx,ball = 2><;g sinf Xd = 7gd sinf = 1.2vp40p



Rotational Motion

Example 7 Solution continued:

* A couple of comments:

* The speeds do no depend on the size or the mass of the object. I could have said at the start that all of the objects have
different mases and radii, but it would have been hard to see that mass and radius has no effect on the speed.

* This was a hard calculation to determine the speeds of the objects, in that we have to calculate the torque and the
acceleration. What would we get if we used conservation of energy instead to calculate the speeds of the objects at the
bottom of the incline?

* The object with the smallest moment of inertia makes it to the bottom of the incline first since the acceleration of the
smaller moment of inertia object is greater.

» Since the moment of inertia is lower the corresponding angular
acceleration is greater and the change in velocity is greater.




Rotational Motion

Example 7 Solution continued:

* Since we have the moments of inertia of each object and expressions for the acceleration of the objects, let’s calculate the
static frictional force and see what they look like.

14—

- . gsinf
Frr s =mgsinf —ma, = mgsinf —m (_)
mr?

=—mgsinf

sin 8 1 =
Frr s hoop = Mg sin@ —ma, = mgsinf —m <9—> > ! /FN

g sin6 1

Frr s cylinder = Mg sin@ —ma, = mgsinf —m T = §mg sin 6 d
77717‘2 =

1+ 2

_ _ gsinf 2 _
Frr s pauy = mgsinf —ma, = mgsinf —m > = ;mg sinf 0

2
Tmr
5

1+ 2

* They don’t exactly look like the products of a coefficient of friction and the normal force.... Maybe it’s good we
didn’t write them in that way.



Rotational Dynamics
- Conservation of Energy

Example 7 Solution:

*  When the mass m is released from rest rolls down the ramp and falls
through a height Ay = yr — y; from rest translationally (v; = 0) and
rotationally (w; = 0).

e In addition, each mass spins about an axis through its center and we’ll

need the moments of inertia for each distribution of mass. From figure

: — 2 _1 2 _ 2 .2

* Applying conservation of energy we have, where the rotational speed of
cach mass is related to the rotational speed of the distribution of mass by
Uf = T'(Uf,

0
AE=AKR+AKT+AUg+A;/;=0

0 0 0
llwz—llc/; + lmvz—l vf +(mgy —mgy;) =0
Qﬂﬁf_} y 2 [ fMl
m gains m gains m loses U,

rotational K translational K




Rotational Dynamics

- Conservation of Energy

Example 7 Solution continued:

Our statement of conservation of energy looks like:

1 1

—lw? + =mvZ —mgy; =0
%—LJ _\—‘Q'ZIJ

m gains m gains

rotational K translational K m loses Uy

Inserting the expression relating the rotational speed of each object
about its center-of-mass and the translational speed.

1 Uf 2 1 2 1 I 2
31 (F) +gmef = mav =3z +1) o7 — gme =0

We need to relate the height that the masses fall through to the distance
traveled along the ramp. We do this with the geometry in the problem.

sinf =%—>yi = dsin6




Rotational Dynamics
- Conservation of Energy

Example 7 Solution continued:

* Solving for the final speed of each mass at the bottom of the ramp.

1(1
2 \mr?

1
+1)vf gy=2(

mr?2

I

Uf—

\1

2gdsinf

|
o) +1

+1)vf gdsinfd =0

» Using each moment of inertia for each distribution of mass we can determine expressions for the speeds of each object at

the bottom of the ramp.

Vf,hoop =

ng sin 6

mrz
2+1

Ur cylinder =
= ,/gd sin <

Uf ball =

2gd si

in6d

=2
mr
2

\ mr?

2gd sin 68

L2
mr
5

2
+1

mr?

+1

4

The ball gets to the

= gd sin@ = 1. 15vf hoop bottom of the ramp first,

10 _
7gd sinf = 1.200¢ po0p

followed by the cylinder
and lastly the hoop.

These expressions for
the speeds are exactly
the same as we got using
forces/torques.



Rotational Dynamics

Example 8:

The Nott Memorial is a 16-sided Victorian building in the
center of campus and is topped with an approximately
hemispherical dome of radius R on top of a base that is a
height H above the ground.

Suppose that on a windy night someone has precariously
placed a pumpkin (of mass m, and radius 7,, with r, <
R) at rest atop the Nott. A sudden gust of wind suddenly
gets the pumpkin rolling down the dome of the Nott and
at some angle O measured with respect to the vertical
the pumpkin will lose contact with the dome and become
a projectile in flight.

* At what angle 6, does the pumpkin leave the dome?

 How does this angle compare to the case where the
pumpkin just slides down the dome.

https://commodorebuilders.com/2014/03/24/union-college-nott-memorial/



Rotational Dynamics
- Conservation of Energy

Example 8 solution:

* Let’s model the Nott Memorial as a square base of height H and a hemispherical roof of radius R. The pumpkin has mass
m,, and starts from rest translationally (v; = 0) and rotationally (w; = 0). There are no springs in the problem, so let’s
take AU; = 0.

* To determine the angle 5 at which the pumpkin leaves the roof, let’s

start with conservation of energy. i M
A { o )
* To get the pumpkin to roll, friction between the pumpkin and the dome L & ‘
of the Nott, exists. If the dome was frictionless, the pumpkin would O~ R
slide and not roll. That was the previous problem we did. O

0
—Yi

A 1/
AE = < a)f ——I > <—mpvf — Emp > + (mpgyf mpgyl-) =0 H

1 2 1 2 49/ I/
AE = lea)f +ompvy + (mp (H + RcosOg) —myg(H + R)) =0
These two terms (when multiplied by m,, g subtract and what matters is
simply Ay, the height the pumpkin actually fell through. - _J




Conservation of Energy

Example 8 solution continued:

- 1, 1 )
AE = Elpwf +Empvf + mpgR(cos 0, — 1)=0

* This is the equation we get from conservation of energy.

e It will allow us to solve for 85, but unfortunately we have another Wy
unknown in the problem. Ay { ’/;n
p

* Thatis, what is the translational speed of the pumpkin vy (as well as the
rotational speed wr) when it leaves the surface of the dome?

* To determine this, let’s look at the motion of the pumpkin.

* The translational and rotational speeds of course is not constant, but are Yy —
increasing with increasing 8. The translational velocity of the pumpkin
is changing in magnitude and direction. This is a hard problem to solve.

* However, this looks like a mass m moving in a circle of radius R. So,
let’s try looking at the forces on the pumpkin just before it leaves the
surface of the dome. -

— Vi




Conservation of Energy

Example 8 solution continued:

Let’s zoom 1n on a small section of the dome just
before the pumpkin leaves. Wy .

This piece of the dome looks locally flat (like a = 1
mass on an incline) even though the dome i1s Or R
actually curved. Or

Assuming a tilted-coordinate system and applying
Newton’s laws of motion perpendicular to the

incline we have: Yf—

Fy — Fyy = Fy —myg cos 0 = mya,, = —m,,

Applying Newton’s laws of motion parallel to the incline will

— Vi

tell us how the speed of the pumpkin is changing.
Unfortunately, it’s changing with angle, and this is a calculus
problem. Let’s ignore that as it doesn’t help us at all.



Conservation of Energy

Example 8 solution continued:

Looking at the motion perpendicular to the dome
allows us to relate the speed at which the pumpkin
leaves the dome and the angle at which it leaves.

When the pumpkin leaves the dome, it no longer is in
contact with the dome. Thus, Fy = 0.

0, = —
/{ myg cos Og mpR

|

vf = Rg cos Oy

Sometimes we need to couple Newton’s laws of
motion and energy to solve a problem.

— Vi




Conservation of Energy

Example 8 solution continued:

* Returning to our statement of conservation of energy we can now
determine the angle at which the pumpkin leaves the dome using
the relation that vy = 1, w; and the moment of inertia of the

pumpkin (modeling it as a sphere) I,, = %mprpz.

1,1 2
AE = Elpwf +§mpvf +mygR(cosfr —1) =0
12 N\(v\ 1
AE = 5 gmprp E +§mpvf +mygR(cosfr —1) =0
AE = 1—0mpv]§ +m,gR(cosOr —1) =0
7
AE = 1—0mpRg cos 8, + mygR(cosfr —1) =0
. 9. = 10
cos O = -

- [Q . (10) 54]0
=—c05

The pumpkin leaves at about 54° wi\hlrzgé)ect to the vertical when it rolls. This is greater than
when it slides (~48° ). The pumpkin needs a certain speed (vr) to lose contact with the dome.

When it slides it get to that speed sooner (all of the loss of U, goes into Kr). Here when it rolls,
the loss of U, goes into Ky and Kg. Thus it takes longer (Ieading to a greater angle) to get to vy.

Ay{ ’/;lp

— Vi




Rotational Dynamics
Example 9

Stars create energy and pressure (called radiation pressure) inside of their cores by nuclear fusion. The radiation pressure is
used to create a force from the core of the star towards its outside to stop the inward squeeze of the force of gravity. The
balance of the radiation pressure and gravity is called hydrostatic equilibrium. When the fuel inside of the core 1s used up,
the star dies. The fate of stars, such as our sun, are determined by their mass. Small mass stars, like the sun, will eventually
collapse into what is called a white dwarf (the remnant of the stellar core) and lose their outer atmosphere as a nebula. When
the sun dies (runs out of fuel in its core) the core collapses and a white dwarf will be formed with the radius of the white
dwarf about 1% of the current value of the solar radius (Ry). At the end of its life, the sun will expel its outer atmosphere
and collapse into something called a white dwarf. As the sun collapses into a white dwarf, work is done on the collapsing
star by the force of gravity. We’ll model the sun and the white dwarf as being spheres (balls) spinning about any axis through

: : L : 2 :
their centers so that their moments of inertia can be given by I = Emrz. Consider the mass of the sun to be m, = 2x103%g

and its radius 7, = 6.96x10%m. It takes the sun about 25 days to make one complete revolution on its axis.

* What is the initial rotational speed of the sun?

* What is the final rotational speed of the white dwarf after its
collapse? Assume the sun ejects one half of its initial mass,
and the rest stays in the white dwarf and that the white dwarf
has a radius 7,4 = 0.17.

* What is the change in rotational kinetic energy of the star? The Sun 2= a White Duwart

d HOW muCh Work was done on the Star by graVitY? http://migall.fastmail.fm.user.fm/astronomy/stars_and nebulae/Star Life Cycles/page06 wd.htm



Rotational Dynamics
Example 9 Solution:

* We’ll model the sun and the white dwarf as being spheres
(balls) spinning about any axis through their centers so their

C : 2 :
moments of inertia will be given by I = Emrz. Consider

the mass of the sun to be m, = 2x103%g and its radius
. = 6.96x10%m.

* The initial angular momentum of the sun:

2 2 g Sun as a White Dwarf
I, = gmsrs2 = §(2><1030kg)(6.96><108m)2 = 3.58x10*"kgm? The Sun as 2 White 0

http://migall.fastmail.fm.user.fm/astronomy/stars_and_nebulae/Star_Life Cycles/page06 wd.htm

* The initial angular speed of the sun:

A6 1rev lday 2nrad _rad
=—= X X = 2.4x107—
At 30days 86400s 1rev S

wi,s

* The initial angular momentum of the sun:

2

rad kgm
Lis =Lw;s = 3.58><1047kgm2><2.4><10‘6T = 8.68x10%1 gs



Rotational Dynamics

The Sun foday

Example 9 Solution continued:

* The angular momentum of the white dwarf assuming that the
white dwarf loses half of its initial mass in the collapse.

e Thus, m,,; = 0.5m; and r,,4 = 0.017; from the problem The Sun as a White Dwarf
statement

http://migall.fastmail.fm.user.fm/astronomy/stars_and_nebulae/Star_Life Cycles/page06 wd.htm

2 2
I,g = gmwdrmz,d = g(O.5><2><1030kg)(0.01><6.96><108m)2 = 1.94x10*3kgm?

* The final angular momentum of the white dwarf by
conservation of angular momentum:

Lf,Wd = Li,S The final rotational
speed of the white
* The angular speed of the white dwarf: dwart is about 20000
t1 reater than th
L L I I IS 3.58X 1047kgm2 24 10—6rad 0 045rad rg?;[?ogrlljlasi)leedagf thee
=L;¢ > lqwyg = ws > Wyg = — ws = X2.4% — = 0.045—
fwd LS wd™wd $TS wd de S 1.94. % 1043kgm2 S S sun. The white dwarf

spins very fast.



Rotational Kinetic Energy

The Sun today

Example 9 Solution continued:

As the sun collapses into a white dwarf how much work is done by the
force of gravity on the collapsing star?

* The work done by gravity on the collapsing star 1s given by the e
change in rotational kinetic energies of the system: — .

The Sun as a White Dwarf

http://migall.fastmail.fm.user.fm/astronomy/stars_and_nebulae/Star_Life_Cycles/page06_wd.htm

2
1 1 rad
Kgp; = Elsw?,i = 5(3.58><1047kgm2) <2.4><10‘6T> = 1.03104x103%)

1

2
1 rad
Kpr = Elwda)fvd,f = E(l.94><1043kgm2) <O.O4ST> = 1.96425x10%°]

* Rotational work 1s done and the work done is:

Rotational work was done by the force of gravity pulling the collapsing star into a smaller
radius. The force of gravity acts toward the center of the star and the motion of the star is
_ _ 40 towards its center (getting smaller). A positive amount of work is done on the star, and its
WR - KR'f B KR’i = 1.96415x10 ] rotational kinetic energy therefore increases. Here the initial rotational kinetic energy is
large, but the final is 4 orders of magnitude larger! This white dwarf has an amazing amount
of energy associated with it.



Rotational Dynamics

Example 10:

A uniform rod of mass M and length L is attached to a pivot on one end
and 1s held horizontally at the free end. The rod is released from rest
and allowed to fall.

* What is the initial angular acceleration of the rod?

 What is the translational acceleration of the pivot, the center-of-
mass of the rod, and the tip of the rod farthest from the pivot.

e At what distance from the pivot is the translational acceleration
equal to g?

<« /2

\

Pivot

Mg



Rotational Motion

Example 10 Solution:

To calculate the initial angular acceleration of the rod, we calculate
the torque on the rod. The rod rotates clockwise, and the direction
of the torque 1s negative and the magnitude of the torque

MgL
2

The torque is related to the moment of inertia of the rod and the
angular acceleration of rod by Newton’s second law.

L
T=71Fsinf =§Mgsin90 =

From Table 7.1 on page 226 of KJF College Physics: A Strategic
Approach, Volume 1, for a uniform rod spun about one end, the

moment of inertiais I = %M L%,

Thus, the initial angulagaccglprgion gffhe rod is:

=] = - = =
e A Y I ARy

This 1s the acceleration of the rod about the axis of rotation (the
pivot). The whole rod experiences this angular acceleration as the
rod has to remain rigid.

<« /2

T,

Pivot

Mg

Note: Once the rod starts to move, the angle between the
weight and the moment arm changes. When the rod is
vertical the angle between the weight of the rod and the
moment arm is 0°. Thus, the torque changes with angle
from a maximum when the rod is horizontal to a
minimum when the rod is vertical. The torque is an
angular dependent quantity here. So, we could not use
the equations of motion for constant angular acceleration
to describe the motion. We could use energy though.



Rotational Motion

Example 10 Solution continued:

* Having the angular acceleration of the system we can calculate the
translational acceleration of various parts of the rod.

» Since the rod has to remain rigid, different parts must experience «— [ /D ——>
different magnitudes of the translational acceleration. If the Tg e
translational acceleration of each part was the same the rod would ’ :
v
snap. Apivpr
. . . Acom V as= Atip
* The translational acceleration of the pivot: ‘
Pivot M g
Apivot = TpivotXpivot = (0)a =0
* The translational acceleration of the center-of-mass of the rod:  The distance from the pivot to where the
( L) L 3 3 translational acceleration 1s g:
a = TeomQ@ =|=]a==X—=-
com com*com 2 2 2L 4 g gZL 2
: : : . Qg =Tyoy D1y =—=——=71L
* The translational acceleration of the tip of the rod: a 39 3

39 3
Atip = TeipApip = (L) = LXZ =9
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