Vertical motion problems with constant acceleration

Example 1:

Suppose a ball of mass m = 0.5kg dropped from rest from a roof located a height h = 45m
above the ground.

 How long does it take the ball to reach the ground? This is called the time-of-flight of the

projectile.

* What is the speed of the ball just before it hits the ground? Do this in two ways using both the
time-dependent and time-independent equations of motion.



Vertical motion problems with constant acceleration

Example 1 Solution:

* How long does it take the ball to reach the ground? This is called the time-of-flight of the
projectile.

1. .2 1,2 2h 2-45m
Vr=—h=yi+ vyt +3ayt° = —3gtor 2 tof = |~ = 9.8Mm = 3s
g 87

* What is the speed of the ball just before it hits the ground? Do this in two ways using both the
time-dependent and time-independent equations of motion.

The impact speed is the magnitude of the impact velocity, or 29.7%. The

negative sign tells us the direction of the velocity vector, down in the
negative y-direction.

m m
Or,

m The time-independent equation of motion gives us the
2 _ .2 — — — m
Vry = Uiy + ZayAy ™ Vry = 4/ 2g h = \/ 2 - 9-85_2 - 45m = 29-7? magnitude directly. If we wanted the velocity, we’d have to put

a plus or minus sign with it.




Vertical motion problems with constant acceleration

Example 2: Suppose a ball of mass m = 0.5kg 1s tossed upwards from a roof (located a height h = 45m
above the ground) with an initial speed of v;;, = 5.

How high does the ball rise above the roof? Above the ground?

How long does it take the ball to reach maximum height above the roof?

How long does it take the ball to return to the roof?

What is the velocity of the ball when it returns to the roof?

Suppose that the ball misses the roof and continues to falls to the ground, how long does it take to reach
the ground from the roof?

What is the total time of flight of the ball to the ground and how does this compare to the sum of the
times for each part of the motion?

g.  What is the speed of the ball just before it hits the ground? Do this in two ways using both the time-
dependent and time-independent equations of motion.
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Vertical motion problems with constant acceleration

Example 2 Solution:

a. How high does the ball rise above the roof? Above the ground?

ngy — vizy _ _vizy _ (5%)2

—2g -29 2. 9.85%

vi, = v, + 2a,Ay > Ay = = 1.28m

m
— 1 — 1 - 1 _
Vs =¥i + vyt +2a,t? = vt —2gt? = (52 0.51s) — - 9.8—52(0.515)2— 1.28m

b. How long does it take the ball to reach maximum height above the roof?

m
Uiy -
Vpy = Vi + Ayt = 0 = v, — gtrise = trise = —— = —> = 0.51s
g 9.85—2

Or we could have
done this by using the
result to part b.



Vertical motion problems with constant acceleration

From the moment the ball comes momentarily to rest at the top. We can think about this as “dropping” the ball
Example 2 Solution: maximum height taken as y; = yy,4, and ending at the roof y, = 0.

c. How long does it take the ball to return to the roof?

2y 2-1.28m
Vr = Yi + Uiyt + %aytz - 0= Ymax —%gtﬁau - tfall — Zax _ . 8m — 051s
“s?

From the moment the ball comes momentarily to rest at the top. We can think about this as “dropping” the ball from rest from its
maximum height taken as y; = Y4, and ending at the roof y, = 0.

d. What is the velocity of the ball when it returns to the roof?

The velocity is a vector, so we need a

N m direction with this. Si ve tak
vfz'y = Uizy + ZayAy = Vpy = —2gAy = \/_2 . 9.85—2- (0m — 1.28m) = 5% irection with this. Since we’ve taken

down as the negative y-direction, the
velocity is down and vf,, = =55,

m m
Vry = Viy + Ayt = Vg = —gteay = —9.85—2- 0.51s = =5=



Vertical motion problems with constant acceleration

Example 2 Solution:

€. Suppose that the ball misses the roof and continues to falls to the ground, how long does it take to reach
the ground from the roof?

Here we’ll pretend that the ball is thrown down from the roof with an initial velocity vy = —52.

Vi =Y + vyt +2a,t? > —h = vt — 1gt? > —45 = =5t —4.9t2 > 4.9t + 5t — 45 =0

5+ \/(5)2 —4-.49. (—45) 2.56s Here we choose the positive time. The time to

tground = 98 = tgroud = the ground for the ball is 2.56s.

—3.58s




Vertical motion problems with constant acceleration

Example 2 Solution:

f.  What is the total time of flight of the ball to the ground and how does this compare to the sum of
the times for each part of the motion?

Vr = Yi + Uiyt +2a,t* > —h = vyt — 2gt? - —45 = 5t — 4.9t% > 4.9t% — 5t — 45 = 0

5+ \/(5)2 —4.49. (—45) —2.56s Here we choose the positive time. The time-of-
Leof = = trof = flight of the ball is 3.58s.
9.8
3.58s
— _ _ The time of flight is the same as the sum of the
teor = trise ¥ trau ¥ tgrouna = 0.51s +0.51s + 2.56s = 3.58s individual timegs of the motion.



Vertical motion problems with constant acceleration

Example 2 Solution:

g. What is the speed of the ball just before it hits the ground? Do this in two ways using both the time-
dependent and time-independent equations of motion.

2 m
Uiy = Viy + 2ayAy = vy, = \/vl?y —2gAy = \/ (5%)" =298 (0m —45m) = 30.1%

The velocity is a vector, so we need a direction with this. Since we’ve taken down as the
negative y-direction, the velocity is down and vs,, = —30.1%-

m m m
Vry = Viy + Ayt = Vg, = Uy — Gltray = S5 — 9.88—2- 3.58s = —=30.1%



Vertical motion problems with constant acceleration

Example 3: A falling stone takes 0.3s to travel past a 2.2m tall window. From what height above
the top of the window did the stone fall? Assume that the stone was dropped from rest.

& Example 3 Solution:
To travel
this
22 m }distance
took At : : : : : :
o The stone passes the top of the window with a speed v;,,. From this, we can use the trajectory in the vertical
direction to determine the speed of the stone at the top of the window. Here we’ll take at the top of the window
o ) y; = 0 and at the bottom of the window a distance d below the top of the window, y; = —d.
] & !
1 m
L L 2gt? —d  7+9.87(0.3)? — 2.2 ~

t 0.3

To determine how far above the top of the window, we can use the time-independent equation of motion and see over what distance we need to
accelerate the stone to achieve this downward velocity.

2
(—5.86m) Thus, the stone starts 1.75m above
) = 1.75m the top of the window.

2
Yy _

2 _ .2 2 _ _
vfy—vl-y+2ayAy—>vfy—2gAy—>Ay—Zg 2-982
822



Vertical motion problems with constant acceleration

Example 4: A rocket rises vertically, from rest, with an acceleration of 3.2 until it runs out of

fuel at an altitude of 775m. Assume air resistance 1s negligible and that the mass of the rocket
does not change appreciably as it consumes fuel.

What is the velocity of the rocket when 1t runs out of fuel?

How long did it take the rocket to run out of fuel?

How high above the ground does the rocket reach?

How long does it take to reach this maximum height above the ground?

From maximum height, how long does it take the rocket to return to the earth?
What is the impact velocity of the rocket with the earth?

What is the total time of flight of the rocket?

@ ™o a0 oS



Vertical motion problems with constant acceleration
Example 4 Solution:

a. What 1s the velocity of the rocket when it runs out of fuel?

2 =2 +2a,A 2 =2a,A —2A—232E775—704m
Viy = Viy T 2ayRY 2 Vpy = 2ay8Y 2 Vpy = [2GyRY = 2 3.L 5 [/om = /0.4

b. How long did it take the rocket to run out of fuel?

2 2-775m
yf:yi+vl‘yt+%ayt2—)yf:%aytz—)t: ﬁ: —m:225
ay 325_2

Or we can use the time- 70.4
dependent velocity equation Ury -

and see how long it takes to Vry = Viy T Ayt 2 Vpy = ayt >t = a. m = 22s
get to this velocity from rest.




Vertical motion problems with constant acceleration

Example 4 Solution:

c. How high above the ground does the rocket reach?

2 (7 0 4m)2 When the rocket uses its fuel, it
(VF A— . ) ,
2 2 2 iy S _ continues to rise vertically under
Vry = Viy + zayAy - 0= Viy — 290Yn0 fuel — AYno fuel — 24 - 2.9 8m = 252.9m gravity. It slows from the velocity
- S_Z it had when it ran out of fuel until it
—  AYabove the gound = 775 + AVno fuer = 775m + 252.9m = 1027.9m stops rising.
m We could also use the trajecto
— 1 2 _ m 1 2 _ jectory
Vr =Y t vyt +5a,t° =775m + (70.4? . 7.25) — 79'85_2(7'25) = 1027.9m and the time from part d.

d. How long does it take to reach this maximum height above the ground?

m
Uiy 70.4?

Vry = Uiy + Ayt o 0= Viy = 9lriseno fuel = lriseno fuel = g = 9 8m =7.25
. S2

Atfrom the gound — Atfuel + Atrise,no fuel — 225 +7.25s = 29.2s



Vertical motion problems with constant acceleration

Example 4 Solution:

f.  What 1s the impact velocity of the rocket with the earth?

m
2 __ .,2 — _ - _9. . _ — m
Ve, = Vi, + 2a,Ay - vpy, = \[—2gAy = \/ 2 9.8—S2 (Om —1027.9m) = 141.9=
The velocity is a vector, so we need a direction with this. Since we’ve taken down as the negative y-direction, the velocity is down and

vpy, = —141.92,

We could also see how long it takes the rocket to fall from rest from its maximum height to the ground and then use this time
to determine the impact velocity.

_ 1 2 — 1 2 — —
:Vf = YVi + viyt + ant - —h = _Egtfall to ground - tfall to ground — g -

m = 14.5s

2h  [2-1027.9m
9.8

m
Vpy = Uiy + Ayt = Vey = —Gteaii to ground = —9.85—2- 14.5s = —141.9%



Vertical motion problems with constant acceleration
Example 4 Solution:

g.  What is the total time of flight of the rocket?

ttof = tfuel + trise no fuel + tfall to ground = 225+ 7.25s + 14.55 = 23.7s



